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Abstract 
Syntactic foams, renowned for their low density and high mechanical properties, are enjoying 
continuing growth in various civilian and military sectors. However, like laminated composites, 
foam cored structures are vulnerable to impact damages and suffering from inabilities in 
repairing macro-scale cracks. A self-healing mechanism for structural damage is genuinely 
desired.  
A recent development in self-healing structural damage is a two-step close then heal (CTH) 
scheme proposed by Li and Nettles [1] and elucidated by Li and Uppu [2], by mimicking the 
self-healing process of human skin. This concept has been further demonstrated in Nji and Li’s 
work [3] that a shape memory polymer (SMP) based and thermoplastic particles incorporated 
syntactic foam is able to heal structural scale fracture repeatedly, efficiently, molecularly, and 
almost autonomously.  
The purpose of this study is to establish a theoretical framework for the thermomechanical 
behavior of the SMP based self-healing syntactic foam as well as to investigate the effects of 
various parameters. Firstly, a phenomenological thermoviscoelastic constitutive model for this 
SMP based syntactic foam was developed by Xu and Li [4]. The foam was initially perceived as 
a three-phase composite with interfacial transition zone layer coated microballoons dispersed in 
the SMP matrix based on the experimental observation, and later simplified into a two-phase 
composite by generalizing the interphase and pure SMP into an equivalent SMP matrix for 
convenience. The model was tested against the 2
nd
 law of thermodynamics and validated by 
experimental results. Parametric studies provided design guidelines for the manufacturing and 
optimization. Secondly, a new concept was introduced to program SMPs at temperatures well 
below Tg, which effectively simplified the traditional lengthy, energy costly and inconvenient 
shape fixing process. Thermomechanical testing confirmed the feasibility of the proposed 
 xi 
training method. Durability of the fixed shape under various environmental attacks was 
experimentally validated. A thermoviscoplastic constitutive model incorporating structure-
relaxation was then developed and validated experimentally. Parameters affecting the 
thermomechanical behavior were further investigated. Finally, this concept was extended to the 
SMP based syntactic foam. A damage-allowable thermoviscoplastic model was formulated and 
experimentally validated. Parametric studies were conducted. 
 
 1 
Chapter 1 Introduction 
1.1 Syntactic Foams 
Syntactic foams are light weight composites fabricated by dispersing hollow particles into a 
polymer matrix. Figure 1.1 shows a micro-scale image of syntactic foam obtained through 
Scanning Electron Microscope (SEM).  
The initial research and application of this material can be dated back to the 1960s in the aim 
of developing buoyancy aid materials for marine applications. After that, its characteristics of 
high specific strength/stiffness, energy absorption, biocompatibility and flame retardancy were 
further realized in numerous areas of industry such as transportation, biomedical, construction, 
and aerospace, etc. [5]. The popularity and versatility of such composite material thus attract 
interest from countless researchers and propel many characteristic-improvement studies. 
     As the foam system is perceived as a combination of the hollow particle inclusion and the 
polymer matrix, a specific requirement in its physical and mechanical properties is considered 
achievable through modification of the properties and volume fractions of these two components.  
Normally spherical shaped hollow particles are chosen as fillers due to their good packing factor 
and hydrostatic compression strength [6].  
Thermosetting polymers are preferred over thermoplastic polymers to serve as the matrix 
materials because of their ease of manufacturing [7]. 
  Besides adjusting the volume fraction of the hollow inclusions which shows that the 
reduction in low-density microballoon volume fraction leads to an increase in tensile modulus, 
the techniques of functionally grading the structure [8, 9] and incorporating different filler 
materials to toughen the syntactic foam [10-13] have been studied and developed with proven 
success.  
There presently exist two types of functionally graded syntactic foams (FGSFs). 
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Figure 1.1: SEM image of a syntactic foam [9] 
One is synthesized by creating a gradient of the volume fraction of microballoons (Vg) along a 
particular dimension. The other is designed to generate a gradient of microballoon radius ratio η 
but keep the Vg constant. η relates the microballoon wall thickness to its size through   
  
  
, 
where ri and ro are the inner and outer radii of the microballoon. It is found that by adopting the 
second approach a series of disadvantages originated from the varying Vg in the first type of 
FGSF such as non-uniform stress concentrations, non-uniform thermal expansion coefficient and 
moisture absorption which result in warping and instability, especially when the material is 
exposed to changing temperature or moisture environment, can be well overcome. Meanwhile 
this type of FGSFs can be enabled with high energy absorption capabilities under compressive 
loading conditions because the compressive strength and modulus are found varying linearly 
with the foam density [14-15].    
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Obviously different filler materials lead to different structural properties for the syntactic 
foams. Karthikeyan et al. [15] found that addition of short fibers helps improve the flexural 
strength. Nji and Li [11] concluded that the incorporation of CaO was active in absorbing the 
water and chemically forming a calcium hydroxide layer which was able to reinforce the 
structure. The study developed by Li and John [12] also revealed that the presence of crumb 
rubber could help form a hybrid microstructure bridging over several length scales and reduce 
the stress concentration thus finally improve the impact tolerance as well as flexural strength. 
Azimi et al. [16] further suggested that with the presence of both glass microballoons and 
reactive liquid rubber, the crack propagation resistance and fracture toughness of the syntactic 
foams were enhanced. Therefore, based on these findings, Li and Nji [10] proposed an ideal 
syntactic foam system which was proved to be able to absorb impact energy through micro-
length scale damage mechanisms as well as preventing the micro-length scale damage from 
propagating into macroscopic damage. In order to fulfill the aim, a variety of components 
contained in this multiphase structure served their individual purposes. The nanoparticles 
increased the energy absorption sites and enhanced the strength of the matrix; the microfibers 
improved the energy absorption and contained the propagation of microcracks; the 
microballoons functioned as a lightweight filler and energy absorbing center; and the rubber 
coating increased the toughness and the impact tolerance, and also provided a mechanism to 
blunt and arrest the microcracks. 
Theoretical research has also been carried out to study the mechanical behavior of the 
syntactic foams. Bardella et al. [17] adopted a micromechanics approach to investigate their 
elastic performance. And Marur [18] developed a concentric spherical model to estimate the 
elastic constants and obtained a good agreement with the experimental data. Following a purely 
phenomenological approach, Rizzi et al. [6] allowed the consideration for diffused damage and 
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discrete crack in their study. They presented numerical simulation results with full quantitative 
agreement with the experimental findings in the uniaxial, biaxial and three-point bending tests. 
Furthermore, the dynamic behavior of the syntactic foam is analyzed by Song et al. [19] in the 
frame of damage mechanics. 
As indicated by the results from these previous experimental and analytical studies, excessive 
external loadings such as tension, compression or impact usually result in macroscopic-length 
scale damage in the foams. Although several attempts are found successful to enhance the 
mechanical performance and impact tolerance, there is no study revealing that any inherent 
properties of syntactic foam can help recover the structure after subjected to damage. Therefore, 
a self-healing mechanism is urgently required to be developed and incorporated into the syntactic 
foam system to satisfy the engineering demands. 
1.2 Self-healing Approaches 
How to heal macroscopic or structural scale damage such as impact damage autonomously, 
repeatedly, efficiently, and at molecular-length scale has always been one of the grand 
challenges in front of the self-healing community. Enormous efforts have been made to 
implement the structural repairing schemes from various standpoints. 
1.2.1 Hollow Fiber Approach     
The idea of filling releasable healing agents into hollow fibers for damage repair was initially 
proposed by Dry and Sottos [20-22]. The principal mechanism is that once the fiber is partially 
or fully ruptured by the propagating crack, the healing agent is thus allowed to infuse the crack 
and polymerize in contact with the catalyst which is dispersed in the polymer matrix to avoid 
untimely polymerization [23, 24].  
However, such approach became problematic due to the large size of the hollow fiber which 
introduced stress concentrations and resulted in void formation. Researchers like Bleay et al. [25] 
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attempted to use instead smaller fibers to amend this problem, but filling and releasing of the 
healing agent arose as new issues.  
Leaving alone the difficulties in the infusion and release of the healing agents and the proper 
discharge of the healing agents, the most significant controversy among the disadvantages of this 
scheme lies in the inability of repeating healing. Even though several studies [26, 27] have 
already addressed this issue, the effectiveness and reactivity of these systems are still left in 
doubt. 
1.2.2 Microvascular Network Approach  
As a biomimetic design, the microvascular network architecture was developed upon the 
achievement of the hollow fiber approach and acted as an improvement for the aim of global and 
repetitive healing of damage [28].  
Toohey et al. [29] presented an epoxy coating substrate architecture which embedded a 
microvascular network by direct-write assembly of a fugitive organic ink. As soon as a crack was 
initiated in the coating, a healing agent, dicyclopentadiene (DCPD) was supplied through the 
underlying microvascular network to the crack location where it reacted with the catalyst 
contained within the coating. The healing capacity was reported up to seven cycles when the 
catalyst is fully consumed. In order to overcome this limit, Toohey et al. [30] further proposed a 
modified design which incorporated four photolithographically patterned isolated regions filled 
with alternating components of a two-part healing chemical composed of epoxy resin and 
hardener within the embedded microvascular network, thus allowed new healing chemicals to be 
employed. Up to sixteen intermittent healing events out of twenty three cycles were achieved in 
this work. 
The main limitation of this approach is that the healing capability is largely constrained by the 
diffusion ability of the healing agents. 
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1.2.3 Microencapsulation Approach 
Following the same concept as hollow fiber approach, microencapsulation which has a 
microcapsule as the healing agent storage device is the focus of the current studies [31]. A most 
variation of this method is claimed by Skipor et al. [32] who proposed that the attachment of 
catalyst molecules onto the exterior surface of the microcapsules was capable of enhancing the 
healing efficiency.  
However, similar issues limiting the application of hollow fiber approach also hinders the 
development of the microencapsulation scheme. Despite the immobility at low temperature and 
storage life of the healing agents, such drawbacks appear much more tremendous when this 
method is adopted to heal large, millimeter-scale, structural damage. The reason behind is that 
structural damage needs a sufficient amount of healing agent to fill in the crack. But 
incorporation of such a large amount of healing agent will significantly alter the 
physical/mechanical properties of the host structure. And also large capsules themselves may 
become potential defects once the encapsulated healing agents are released.      
1.2.4 Thermoplastic Additives 
Zako and Takano [33] pioneered the exploration of the thermoplastic additives in the self-
healing studies. The melted additives filled the internal cracks or flaws upon heating and 
solidified and thus healed them when cooled down [34]. Jones and Hayes [35] further introduced 
a ―solid solution‖ of thermoplastic and thermoset polymers as a replacement of the original two-
phase system. The feasibility and healing efficiency of this technology have been studied from 
various points of view. The factors affecting the healing performance were then concluded as 
follows: 
a) Compatibility of the two polymers: the thermoplastic is preferable to be dissolved in the 
thermoset matrix but without chemical reaction at ambient temperature. 
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b) Glass transition temperature (Tg) of the polymers: the thermoplastic and thermoset 
polymers should share a similar Tg, which prevents the thermoset matrix from 
decomposition as the thermoplastic melts upon heating. 
c) Since low-molecular-weight polymer tends to diffuse faster resulting in faster healing 
while high-molecular-weight polymer provides better mechanical performance, an 
optimization of the healing speed and the healing efficiency should be developed. 
d) The healing temperature determines the diffusion, thus affects the healing process. 
Although this method does achieve healing repeatedly and nearly autonomously upon heating, 
the healing efficiency is still comparatively at a low level, which was reported to be only 30-50% 
[36]. Especially had this technology been utilized in healing macro-length scale damage, the 
incorporation of a large amount of thermoplastic would adversely affect the stiffness and thermal 
stability of the structure.  
1.2.5 Thermally Reversible Crosslinked Polymers 
A class of cross-linked polymer with thermally reversible covalent bonds is employed to 
realize the healing of internal cracks in this concept. Because of its comparable mechanical 
properties to the conventional epoxy resins and other thermoset resins, the application of this 
type of matrix materials eliminates the need for additional ingredients such as healing agent 
vessels and catalysts. A thermally reversible reaction such as Diels-Alder (DA) acting as a kernel 
of this approach was initially explored by Chen et al. [37] who described that a highly cross-
linked and transparent polymer was synthesized via the DA cycloddition of furan and maleimide 
moieties, and the thermal reversibility of the chemical bonds is accomplished via the retro-DA 
reaction. Due to the comparatively weakest bond strength between the furan and maleimide 
moieties, the retro-DA reaction should be the main pathway for crack propagation. Then upon 
heating to 120 ºC at which the inter-monomer linkages formed by the DA cycloaddition are 
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disconnected and then connected during cooling, this ―re-mendable‖ material was reported to be 
capable of offering multiple cycles of crack healing although a drop in mechanical properties 
from the second to the third healing process was also observed. Further improvement was 
proposed by the same group of researchers [38]. A second generation of this type of polymers 
was assessed to be harder and more efficient in healing damages.   
The most recent studies [39-40] using DA reactions investigated the applicability of 
integrating this type of healing mechanism into the advanced composite systems. However, the 
healing process was only qualitatively monitored and visually confirmed. 
The utilization of the thermally reversible covalent bonds well satisfies the demands for 
repeatability of self-healing.  
Yet the lengthy healing process limits its full application. The covalent bonds are required to 
be first decoupled in order for the ruptured molecules to diffuse into the crack opening, and then 
the system needs to be cooled down to reconnect the chemical linkages for the actual healing. 
Usually it takes several days to fully re-establish the covalent bonds at room temperature.         
1.2.6 Ionomers 
Ionomers are a group of polymers comprising less than 15 mol% ionic groups along the 
polymer backbone [41]. They have been synthesized since as early as 1960s, but their self-
healing ability especially following high-speed impact was not realized until recent years [42, 
43].  It was reported that an instantaneous healing occurred even for a circular opening of several 
millimeters in diameter.  
Further investigations [44] indicated that healing was due to the addition of the MA 
component to the polyethylene structure which requires the puncture event to produce a local 
melt state in the polymer as well as the molten material to have sufficient melt elasticity to snap 
back and close the crack.  
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Although it was confirmed that these self-healing ionomers were capable of undergoing 
repeated healing events without additional healing agents, it was also found that both elevated 
temperature and low temperature to some extent hindered the healing response. This 
phenomenon was thought to be that the impact energy being dissipated faster at the elevated 
temperature without leaving sufficient time for the elastic response of the localized molten 
polymer to close the hole and the localized melting around the impact site was significantly 
reduced at low temperatures. Moreover, if further considering the specific impact energy 
requirement, we have to account the ionomers to be less suitable for a common healing situation. 
As described above, the threshold of most previous studies in the field of self-healing 
mechanisms hinges on the biomimetics of the biological healing process in human beings, and 
tries to heal damage in one-step.  
For a simplest biological self-healing development in humans, specifically in human skin, 
patch surfaces are initially formed to narrow the hurt opening and protect the underlying tissue 
followed by the reproduction of new cells/tissues. The process reveals that a full healing 
procedure demands a sequential two-step scheme: close then heal (CTH) [2].  
In CTH, the structural scale crack will be first sealed or closed by a certain mechanism before 
the existing self-healing mechanisms such as microcapsule or thermoplastic particles take effect. 
Shape memory polymer (SMP), due to its autonomous, conformational entropy driven shape 
recovery properties, can be utilized to achieve the self-sealing purposes.  
1.3 Shape Memory Polymer 
Shape memory polymer (SMP), first introduced by Nippon Zeon Co. in Japan [45], is a 
revolutionary product since the discovery of the shape memory effect in AuCd alloy, a kind of 
shape memory alloy (SMA) by Chang and Read [46]. It is found that SMPs have an inherent 
capability to maintain a temporary shape in response to a plastic deformation and recover the 
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permanent shape under appropriate stimuli such as temperature, light, electric field, magnetic 
field, pH, specific ions or enzyme. SMPs have numerous advantages of light weight, low cost, 
good processability, high shape deformability, high shape recoverability and customizable 
activation temperature over SMAs and shape memory ceramics [47].  
Many studies indicated that a typical thermal sensitive SMP requires a covalently/physically 
cross-linking structure and a low transition temperature [48]. Well above the transition 
temperature SMPs are elastic to large strain and possess a rubbery behavior. The polymer chain 
segments between cross-link points can deform quite freely and are prone to being twisted 
randomly. When at low temperatures the flexibility of the chain segments is rapidly restricted, 
SMPs become more rigid and hardly deformable. The molecular mechanism involved can be 
schematically represented in Figure 1.2 [48]. 
 
Figure 1.2: Molecular mechanism of a typical thermally induced shape memory polymer [48]
 
A lot of current studies on SMPs usually integrated the experimental investigations with the 
theoretical modeling development [49-57]. A most common experimental thermomechanical 
cycle is illustrated in steps in Figure 1.3 [54]. 
(1) Step 1 starts from a high temperature well above the transition temperature (Tg) when the 
SMP sample is subjected to a high-strain deformation, called ―pre-strain‖. 
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Figure 1.3: Stress-Strain-Temperature diagram illustrating a typical 1-D pre-tensioned 
thermomechanical cycle [54] 
 
(2) Step 2 covers the cooling history from the initial high temperature to a temperature below 
Tg. Since the pre-strain is maintained during this period, the thermal shrinkage leads to an 
increase in tensile stress as the temperature drops. As the chain mobility gradually 
reduces, the strain is frozen.  
(3) The external load is removed at Step 3, where the temperature reaches low and the shape 
is generally fixed except for an instant observable slight strain recovery, called ―spring 
back‖, due to the elastic rebound. 
(4) Step 4 completes the thermomechanical cycle with a free strain recovery process. The 
SMP returns to its permanent shape after reheated to its initial temperature without any 
external constraints. 
(5) Sometimes an additional Step 5, a fully constrained stress recovery response, is also 
presented in some research works. Distinct from the free strain recovery, the strain 
constraint equal to the final fixed strain is kept in place during subsequent heating. 
Starting from a stress-free state at certain temperature far below Tg, compressive thermal 
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stress tends to increase due to the constrained thermal expansion as temperature rises 
until reaches the maximum compressive peak when the material enters the glass 
transition region. With further increase in temperature, the stress can be recovered. 
In Figure 1.3, Steps 1-3 complete programming or training of the SMP and Step 4 completes 
recovery. The programming and recovery completes a thermomechanical cycle.          
Earlier efforts [49-51] employed rheological models to describe the characteristic 
thermomechanical behavior of SMP, and yet the loss of the strain storage and release 
mechanisms usually led to limited prediction accuracy. Later, other approaches such as 
mesoscale model [57] and molecular dynamic simulation [58] were further developed to 
understand the mechanisms at a rather detailed level. Recently, various phenomenological 
attempts [4, 54-56, 59-62] have been developed to interpret the thermomechanical behavior of 
SMP from a macroscopic viewpoint. With different underlying hypotheses, these approaches can 
be roughly categorized by two representative works.  
Liu et al. [54] adopted a first-order phase transition concept and modeled the SMP as a 
continuum mixture of a frozen and an active phase. The frozen phase and active phase 
represented two different configurations for temperature below and above the glass transition 
temperature (Tg). And a term of stored strain (εs) was introduced to identify the strain storage and 
release mechanisms. The parameters of their model can be easily determined by simple 
macroscopic testing and the simulation reasonably captures the essential shape memory 
responses.  
However, the model simplified the SMP as a special elastic problem hence did not consider 
the time-dependence of the material. And a notable controversy was that it was unable to 
represent the physical processes of the glass transition and thus resulted in nonphysical 
parameters, such as volume fraction of the frozen phase.  
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To address such issues, Nguyen and her co-workers [56] investigated the shape memory 
behavior through a structural and stress relaxation mechanism. They proposed that the shape 
memory phenomena of SMP were primarily motivated by the dramatic change of molecular 
chain mobility induced by the glass transition. The chain mobility underpins the ability for the 
chain segments to rearrange locally to bring the macromolecular structure and stress response to 
equilibrium, suggesting that the structure relaxes instantaneously to the equilibrium state at high 
temperature but responds sluggishly during cooling. Such behavior macroscopically freezes the 
structure at a low temperature in a non-equilibrium configuration thus allows the material to 
store a temporary shape. Reheating restores the mobility and allows the shape recovery.  
The important feature of this concept is that it both reasonably and physically interprets the 
underlying mechanism for shape memory effects and the time-dependence behavior of the shape 
memory can be reproduced. However, the assumption of a single non-equilibrium structural 
relaxation process leads to missing ―memory effects‖ of the thermal deformation in response to 
successive temperature changes as described by Kovacs et al. [63]. 
Although the technological potential of SMPs range from consumer products to medical 
devices, their applications in the engineering community are extremely scarce mainly because of 
its low mechanical properties [64-66]. The incorporation of reinforcement materials is thought to 
address this drawback [1-4, 67-68]. As the application of proper reinforcements improves the 
strength and stiffness, SMPs, while retaining considerable recoverability, are effective to be 
integrated into the acoustic and vibration control, shape preservation, damage control and healing 
systems.  
1.4 Shape Memory Polymer Based Syntactic Foam 
The systematic study of shape memory polymer based syntactic foam and its derivative 
products such as SMP based syntactic foam cored sandwich structures were understood to be 
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pioneered by Li and John [68]. In their work, SMP based syntactic foam aided structures were 
subjected to rounds of impact/healing cycles. The healing efficiency was determined through the 
compressive strength. A typical sealing effect is illustrated in Figure 4 [68].  
              
Figure 1.4: A SEM image showing the effect of sealing on the microcrack [68]  
The experimental results revealed that the confined shape recovery of a shape memory 
polymer based syntactic foam was able to efficiently seal the impact damage repeatedly up to 
seven rounds. And the healing efficiency, though regardless of the impact energy, could be 
significantly improved by a stronger external confinement and a higher pre-strain level. It was 
believed that if the existing micro-length scale repairing scheme such as microcapsules or 
thermoplastic particles were incorporated into the SMP matrix, the two-step (close then heal) 
self-healing scheme would be achieved repeatedly, efficiently, almost autonomously, and at 
molecular-length scale [2]. 
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Chapter 2 
 Constitutive Modeling of a Shape Memory Polymer Based Smart Syntactic Foam
*
 
The object of this study is to develop a constitutive model to predict thermomechanical 
behavior of this novel foam so that it can be optimized for advanced mechanical and self-healing 
properties.  
The current chapter will be presented in the following sections. First, experimental evidence 
will be provided using DMA, XPS, and FTIR to deduce the three-phase microstructure of the 
syntactic foam (interfacial transition zone coated glass microballoons dispersed in the SMP 
matrix). For simplicity, the three-phase syntactic foam will be treated as an equivalent two-phase 
composite material with glass microballoons dispersed in an equivalent SMP matrix. As did by 
Liu et al. [54], the equivalent SMP will be further subdivided into two phases (frozen phase and 
active phase), and the 3-D constitutive model will be developed. In order to consider the 
viscoelastic and viscoplastic behavior, the time rate effect will be considered by using 
rheological models. The constitutive model will then be examined against the second 
thermodynamic law for compatibility. With additional tests such as coefficient of thermal 
expansion test, the model prediction will be compared with a 1-D stress controlled programming 
and 1-D strain controlled stress recovery and free-strain recovery test results of an SMP based 
syntactic foam by Li and Nettles [1]. Finally, parametric studies will be conducted to provide 
some guidance for future design of this novel syntactic foam. 
2.1 Raw Materials and Curing         
The syntactic foam investigated in this study consists of hollow glass microballoons dispersed 
in a shape memory polymer matrix. The SMP is a styrene based thermoset SMP resin system (g 
= 62C) provided by CRG Industries under the name Veriflex.  
* Reprinted by permission of ―International Journal of Solids and Structures‖ 
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The glass microballoons from Potters Industries (Q-CEL 6014) have an average outer 
diameter of 85m and an effective density of 0.14g/cm3 as well as a wall thickness of 0.8m. 
The SMP based syntactic foam was formulated through the dispersion of 40% by volume of 
glass hollow microspheres into the SMP resin. The microspheres were added incrementally, with 
several-minute interval of mechanical blending. A hardening agent was then added and the 
solution was mixed for another 10 minutes. The mixture was poured into a 229×229×12.7mm 
steel mold and placed in a vacuum chamber at 40 kPa for 20 minutes to remove any air bubbles 
entrapped in the matrix. The curing cycle initially started at 79
o
C for 24 hours, and then 107
°
C 
for 3 hours followed by 121
o
C for 9 hours in an industrial oven. This curing process is 
recommended by Li and Nettles [1] who studied the same foam structure. After curing, the foam 
panel was de-molded and was machined into different geometries for various testing.          
2.2 Scanning Electron Microscope  
As shown by the Scanning Electron Microscope (SEM) picture in Figure 2.1, the SMP based 
syntactic foam is formed by dispersing glass microballons in the SMP matrix.                              
However, since the fabrication of the syntactic foam involves a series of chemical reactions, 
the interaction between the microballoons and the polymer matrix may not be just the physical 
contact.  
2.3 Interfacial Transition Zone 
The term Interfacial Transition Zone (ITZ) was first introduced in concrete studies [69]. It 
was found that for a cement-based composite material a two-phase (aggregate and matrix) model 
is not generally adequate because of the inhomogeneous nature of the cement paste, whose 
microstructure in the vicinity of the aggregate, according to numerous researches [70-73], was 
modified. The interface between the two major components, aggregate and cement paste, is the 
so called ITZ. Many researchers further examined the dependence of mechanical properties on 
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ITZ microstructure. The experimental results revealed that the concrete strength as well as other 
parameters such as durability, electrical conductivity and permeability etc. was strongly 
influenced by the adhesion between aggregate and cement paste within ITZ. 
The pioneering work of Berriot et al. [74-75] somehow refreshed and extended this concept 
into a polymer-based composite, which consisted of poly (ethyl acrylate) polymer chains 
covalently bound to filled elastomers. A long-ranged gradient of the polymer matrix glass 
transition temperature was reported existing in the vicinity of the inclusions. And it was further 
evidenced that the precocious nonlinear mechanical behavior of these filled systems was related 
to the strain-softening of the surrounding polymer shell [76].  
Therefore, in order to validate the possible chemical interactions and meanwhile facilitate 
formulation, several typical experiments are essentials for the SMP based syntactic foam.  
 
Figure 2.1: SEM image of a SMP based syntactic foam sample 
2.3.1 Dynamic Mechanical Analysis 
Dynamic mechanical analysis (DMA) is a technique used to study and characterize materials, 
proved to be extremely useful for studying the viscoelasticity. With the complex modulus of the 
sample determined by the measurement of the strain response to a sinusoidal stress input, the 
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variable temperature leading to variations in the complex modulus can help locate the glass 
transition temperature of the material or identify transitions corresponding to other molecular 
motions. 
The DMA test was conducted on a DMA 2980 tester from TA instruments. A rectangular bar 
with dimensions of 17.5×11.9×1.20 mm
3
 was placed into a DMA single cantilever clamping 
fixture. A small dynamic load at 1Hz was applied to the platen and the temperature was ramped 
from room temperature to 120°C at a rate of 3°C/min. The amplitude was set to 15µm. The glass 
transition temperature θg was determined from the storage modulus curve as suggested by ASTM 
E 1640-04. 
2.3.2  X-ray Photoelectron Spectroscopy 
X-ray photoelectron spectroscopy (XPS) is a nondestructive quantitative spectroscopic 
analysis approach that measures the elemental composition, empirical formula, chemical state 
and electronic state of the elements existing within the surface of a material. The principle 
behind this technique is the photoelectric effect. By calculating the binding energy, a 
characteristic referring to the electron configuration, determined as the attraction of the electrons 
to the nucleus, the number of electrons detected (sometime per unit time) is plotted 
correspondingly in a typical XPS spectrum. 
The XPS spectra of the pure SMP and the foam specimen were collected on a Kratos 
AXIS165 high performance multi-technique surface analysis system with an information depth 
of 10 nm and a scan area of 700×300 µm. 
2.3.3 Fourier Transform Infrared Spectroscopy Analysis 
Fourier transform infrared (FTIR) analysis works on the fact that chemical bonds and groups 
of chemical bonds vibrate at characteristic frequencies. During FTIR analysis, a modulated IR 
beam is focused on the specimen. The transmittance and reflectance of the infrared rays at 
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different frequencies is then translated into an IR absorption plot consisting of reverse peaks, 
which after matching and identification provides information about the chemical bonding or 
molecular structure of materials, whether organic or inorganic.    
The FTIR spectra of both the pure polymer and the foam sample were recorded on a Bruker 
Tensor 27 single beam instrument at 16 scans with a nominal resolution of 4cm
-1
. Absorption 
spectra were saved from 4000 to 700 cm
-1
. 
2.4 Constitutive Modeling 
2.4.1 Facts and Assumptions 
The DMA results (Figure 2.2) tell that the glass transition temperature of the foam has been 
shifted up as compared to that of the pure SMP. And the XPS results shown in Figure 2.3 reveal 
that different binding energy values exist in the pure SMP and the foam sample for the same 
emitted electrons (C (1s) and O (1s)). Some chemical shift is therefore thought to may have 
occurred at the glass microballoon/SMP interface. The mobility of the SMP polymer in the 
vicinity of the interface has been confined and reduced, leading to an increase in glass transition 
temperature.  
This assertion seems further evidenced by the FTIR test results. The spectra presented in 
Figure 2.4 indicate that the intensity ratio of the two peaks around 1746 and 1724 cm
-1 
(the peaks 
marked in red) changed after the incorporation of the microballoons, implying that new hydrogen 
bonding may have been formed between the Silicon-Hydroxyl (Si-OH) groups and the Carbonyl 
(C=O) groups.  
This chemical reaction lowers the wavenumber of the carbonyl groups. Therefore, it can be 
concluded that an interfacial transition zone (ITZ) most likely exists in the syntactic foam and 
the foam can be perceived as a three-phase composite with ITZ coated microballoons dispersed 
in the SMP matrix. 
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Figure 2.2: DMA results for the pure SMP and syntactic foam 
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(a) XPS spectra of the pure SMP and syntactic foam for the electron C (1s) 
 
(b) XPS spectra of the pure SMP and syntactic foam for the electron O (1s) 
 
Figure 2.3: XPS spectra of the pure SMP and syntactic foam 
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                      Figure 2.4: FTIR spectra of the pure SMP and syntactic foam      
As mentioned earlier that the gradient of the glass transition temperature of the polymer can 
be very large across the thin layer of interfacial transition zone [75]. Since the current techniques 
cannot determine the detailed profile of the glass transition temperature in the ITZ layer, it is 
convenient to treat the ITZ and the pure SMP matrix as an equivalent SMP medium.             
Hence, several assumptions have been made in this study: 
(1) The foam system is treated as a two-phase composite with glass microballoons dispersed 
in an equivalent SMP matrix and is considered to be macroscopically homogeneous, 
meaning that the stress field is uniform everywhere. Also the temperature is assumed 
uniform over the entire body. The scheme is illustrated in Figure 2.5. 
(2)  The equivalent SMP matrix is considered as a two-phase mixture [54]: the active phase 
and the frozen phase. The frozen phase is responsible for the strain storage. When the 
frozen phase passes through a frozen material point again during subsequent heating, the 
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stored deformation at such point is fully recovered and the frozen phase becomes the 
active phase.  
                                              
                             Figure 2.5: A general model scheme                                
2.4.2  Model Formulation  
Let Ω0 denote the initial reference configuration of an undeformed and unheated continuum 
body, while Ω denotes the spatial configuration of the deformed body which may also experience 
the temperature change. If the nonlinear mapping of a material point X   Ω0 to Ω can be defined 
as a function of location, temperature and time: x=x(X,θ(t),t), the tangent of the deformation map 
defines the deformation gradient F=     ⁄ .  
To separate the thermal and mechanical deformation we introduce the multiplicative 
decomposition of the thermomechanical deformation gradient into thermal and mechanical 
components [77, 78]: 
                    ,                             (2-1)  
As shown in Fig. 6, the thermal component Fθ is a mapping from Ω0 to an intermediate heated 
configuration Ωθ.  
     The mechanical component FM can be further split multiplicatively into reversible and 
irreversible components [79, 80]: 
                     ,                              (2-2) 
Equivalent SMP SMP 
ITZ 
Glass microballoon 
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where Fr is the reversible component and Fir is the irreversible component, representing the 
viscoplastic deformation within the ITZ confined by the glass microballoons.  
               
Figure 2.6: An analogous decomposition scheme for the deformation gradient 
As discussed previously, the foam can be first treated as a composite material which has glass 
microballoons as the dispersed phase and equivalent SMP as the matrix or continuous phase. 
With the initial assumptions of spatially uniform temperature and stress field and with the help of 
the average scheme, the reversible deformation can be expressed as: 
                                                   (2-3) 
where f denotes the volume fraction, subscripts g and p denote glass microballoon and the 
equivalent SMP matrix, respectively.        . 
The equivalent SMP matrix, as elaborated earlier, is considered to be composed of two phases: 
the active phase and the frozen phase. An implication of Assumption 2 in section 2.4.1 is that the 
deformation gradient at a material point is in general discontinuous when heating from the frozen 
phase to the active phase. And whenever a material point is in the active phase, it does not 
―remember‖ its states in the previous frozen state [59].  
Therefore, the deformation gradient at a material point in the equivalent SMP matrix can be 
described as: 
Reference  
      Ω0 
Spatial  
     Ω 
Heated 
      Ωθ 
Relaxed 
    ΩM 
F 
Fθ 
Fr 
Fir 
FM 
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,                (2-4) 
where the subscripts a and f denote the active phase and the frozen phase, respectively. σ is the 
stress tensor.  ̃, the deformation gradient from the original reference configuration to the frozen 
reference configuration, represents the redistribution of deformation due to the history 
dependence of the frozen phase. Ωa and Ωf denote the active region and the frozen region, 
respectively. Their relationship with the equivalent SMP matrix domain Ωp can be expressed as: 
                   ,                            (2-5) 
We then apply the average to the deformation gradient of the equivalent matrix over Ωp,  
            (   )  (   )  (     )  ∫   (     ) ̃( ) 
 ( ̃( ))  
 
  
 ,            (2-6) 
here  ̃( ) physically represents the maximum temperature the material experiences immediately 
before it is frozen.   ( )      ⁄  is the frozen phase volume fraction. If we consider that the 
growth of the frozen region only depends on the temperature and the equivalent SMP can be 
assumed to be statistically homogeneous, the statement that the frozen region growth during 
cooling can be expressed as: 
            (  )   (  )           ,                        (2-7) 
and when θ0 is well above θg,   (  )                                                
Finally, the total deformation gradient of the foam body yields: 
             (       ((   )  (     )  ∫   (     ) ̃( ) 
 ( )  
 
 
))     ,            (2-8) 
In the classical theory of mechanics, the Cauchy strain ε is related to the deformation gradient 
through 
             
 
 
(    )    ,                                                                                                (2-9) 
and also 
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 where u is the displacement tensor. 
If we only consider the linear deformation, we have 
                       ,                                                                                                 (2-11) 
Then the strain field in the SMP based syntactic foam material can be obtained: 
             (    )     ((   )         )        ,               (2-12) 
where    ∫  ̃( ) 
 ( )                       
 
  
. In the paper by Liu et al. [54], this terminology 
is considered as an internal variable depending on temperature only. Thus, it can be obtained 
from the cooling process where it is defined as: 
               ∫   ( ) 
 ( )  
 
  
 ,                                                                                        (2-13) 
meaning that the stored strain comes from the entropic strain in the active phase. 
The other terms in Eq. (2-12) are detailed in the following sections: 
2.4.2.1 Glass Microballoons 
     The glass microballoons are considered to be fully linear elastic. Then the Cauchy strain can 
be defined as: 
                     ,                                                                                                           (2-14) 
where S is the compliance tensor. 
2.4.2.2 Active Phase 
There are quite a few sophisticated models trying to capture the behavior of the polymers at 
temperature above θg [81-83]. The combination of the Maxwell and Kelvin elements in series is 
often used to describe in most simple terms the viscoelastic deformation of polymers [84]. As 
demonstrated previously, the overall deformation has been split into the reversible and the 
irreversible component. It is therefore possible to capture the reversible deformation behavior of 
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the active phase using a linear viscoelastic rheological model shown in Figure 2.7 (a). The 
Cauchy strain tensor can then be defined as: 
                    
    
  ,                                                                                                    (2-15) 
and the Cauchy stress tensor is: 
                  
   
    
   
     ̇ 
   ,                                                                                (2-16) 
where superscripts e,v, and r denote the elastic, the viscous and the rubbery parts. C is the 
stiffness tensor and γ is the viscosity tensor. 
2.4.2.3 Frozen Phase 
The viscoplastic behavior of a polymer at the temperature below θg can be captured by 
decomposing the stress response into an equilibrium time-independent behavior and a non-
equilibrium time-dependent behavior [55]. Figure 2.7 (b) shows the rheological scheme. Thus, 
the total Cauchy stress tensor is: 
                   
  
   
   
   
   
  
   
   
 ,                                                                     (2-17) 
The non-equilibrium component is described as: 
                ̇ 
  
 (  
  ̇ 
   
   
    
   
) ,                                                                             (2-18) 
here superscripts eq and neq denote the equilibrium and the non-equilibrium components. Also it 
should be noted that   
  
    .To further consider the post-yielding strain softening behavior, a 
bi-viscosity model that the original viscosity decreases to a value after yielding can be assumed, 
although there exists other more complicated models such as the activation volume evolution 
with respect to deformation through a probability density function assumption proposed by 
Kontou [82], which captures such feature as well.   
2.4.2.4 Evolution Rules for the Frozen Fraction   
In a thermomechanical cycle, the change of the frozen fraction   controls the strain storage 
and release.  
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        (a) Active phase 
 
 
 
 
 
 
 
 
(b) Frozen phase 
 
Figure 2.7: Linear rheological representations of (a) the active phase and (b) the frozen phase 
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Since we only consider the equilibrium phase separation condition, the frozen fraction 
function is considered to be dependent on temperature only. A phenomenological function of the 
frozen fraction has been introduced [55]: 
                    
 
      ( (      )  ⁄ )
 ,                                                                          (2-19) 
where θref is a reference temperature at which   
 
 
 . Thus, it is reasonable to choose θg as θref if 
we consider the definition of the glass transition temperature [59, 60]. A is a parameter 
determining the width of the phase transition zone. It can be obtained from curve-fitting of the 
experimental results. In a uniaxial free recovery test,   is in fact the ratio of scalar         [54], 
where in our case ε* is the modified recovery strain by subtracting the thermal strain and 
irreversible strain from the recovery strain. And εpre denotes the pre-deformation strain, which is 
obtained by subtracting the thermal strain and irreversible strain from the fixed strain. 
2.4.2.5 Thermal Strain 
The thermal strain can be expressed in terms of thermal expansion coefficient α.  
If the isotropic thermo-mechanical response is further assumed, the thermal strain is:  
                  ∫    
 
  
   .                                                                                                 (2-20) 
           In order not to lose generality, α is considered as a function of temperature. 
2.4.2.6 Irreversible Strain 
A Maxwell dashpot component is used to describe the permanent deformation: 
                      ̇   .                                                                                                       (2-21) 
Based on the experimental observation [50], γir can be assumed as a function of temperature 
in the vicinity of θg but almost constant outside the phase transition region. The temperature 
dependence of γir can be considered in the manner of William-Landel-Ferry (WLF) equation: 
                 ( )     
     (
   (    )
       
),                                                                               (2-22) 
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where c1, c2, ir
o
, and θr are constants. 
2.4.3 Summary of the Model 
As developed in the previous section, the complicated thermo-mechanical behavior of the 
SMP based self-healing syntactic foam is studied by a comprehensive model, which separately 
considers the material behavior in the manner of multi-phase and different mechanisms. The 
important features of this model are summarized in Table 2.1. 
Table 2.1: Summary of the model 
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2.5 Thermodynamic Considerations 
In order to prove the thermodynamic consistency as well as to give a better understanding of 
this material model, the thermodynamic framework of the constitutive modeling is discussed in 
this section.  
As a result of the physical understanding of the deformation mechanisms and experimental 
results [54, 85-86] in combination with specific consideration in our case, the specific Helmholtz 
free energy function is expressed in the form: 
              (          
       
   
  )    (    ) ,                                                     (2-23) 
where ψmθ consists of the mechanical energy, the thermal energy and the initial free energy of 
the material; ψs represents the free energy due to the entropic strain storage.   
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Then the second Law of thermodynamics applies in the form of the Clausius-Duhem 
inequality [86]:  
            ̇   ( ̇    ̇)    
  
 
   ,                                                                              (2-24) 
where η represents the specific entropy, q denotes the heat flux, and ρ is the density. 
In most cases, the inequality is expediently divided into the thermal dissipation inequality: 
           
  
 
   ,                                                                                                              (2-25) 
and the internal dissipation inequality: 
           ̇   ( ̇    ̇)    ,                                                                                             (2-26) 
The validity of the thermal dissipation inequality (Eq. 2-25) is guaranteed in the Fourier-
model, where        with    .  
Then we introduce the free energy (Eq. 2-23) into the internal dissipation inequality (Eq. 2-26) 
in combination with the Cauchy strain decomposition (Eq. 2-12), it leads to: 
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where       ∫ (
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Following standard arguments, the following potential relations for the stress tensor and the 
entropy is suggested to guarantee the inequality: 
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If we further introduce the following elastic part of the free energy function: 
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where the second bracketed term describes the pure thermal contribution, and cd0 denotes the 
specific heat capacity [54]; the third bracketed term represents the initial free energy of the 
material. ψa0 denotes the initial free energy of the active phase and            .     
  
    
  and       
    
  . κ0 and η0 represent the initial internal energy and entropy [85]. 
Then, based on the previous stress analysis of each phase, the internal dissipation inequality 
(Eq. 2-27) reduces to: 
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The first three terms in the residual dissipation inequality (Eq. 2-30) represent the rate of 
energy necessary to overcome internal dissipative resistance. Therein, γ is the viscosity tensor, so 
they must be positive definite. Consequently, these three terms are always non-negative.  
Furthermore, Helm and Haupt [85] proposed an evolution equation for the temperature-
induced phase transition in the shape memory alloy constitutive model,  ̇   
| ̇|
  
  
|  |
 , if such 
assumption also stands in the current issue of SMP, where  θ represents the phase transition 
temperature range, it yields that the fourth term is also non-negative.Then the proportional 
relation  ̇  (     
   
   
)
 
 [85] guarantees the positiveness of the fifth term. As a result, the 
Clausius-Duhem inequality is satisfied and the proposed constitutive model is 
thermodynamically admissible for an arbitrary thermomechanical process.  
2.6 Model Validation 
The constitutive model was computed in MATLAB
™
. The simulation results are compared 
with the experimental data reported in the literature [1]. Several thermomechanical tests as 
follows were carried out to determine the unknown material parameters. 
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2.6.1 Parameter Identification 
2.6.1.1 Coefficient of Thermal Expansion Measurement 
The coefficient of thermal expansion (CTE) was measured using the Vishay BLH SR-4 
general-purpose strain gages and a Yokagawa DC100 data acquisition system. The test 
procedure followed the Tech note TN-513 from Vishay Micro Measurement [87]. The reference 
material was Aluminum alloy. Both the test and reference sample dimensions were 30×12×5 
mm
3
. The temperature was ramped from room temperature to 90°C at an average heating rate of 
1°C/min and then naturally cooled down to room temperature. The experimental curve shown in 
Figure 2.8 was then fitted into a polynomial function. 
 
Figure 2.8: Thermal expansion strain measured using strain gages 
2.6.1.2 Active Phase and the Irreversible Component 
The creeping results at high temperature (79ºC) were used to identify the parameters for the 
active phase. The testing was conducted on a set-up consisting of a linear variable differential 
transducer (LVDT) in conjunction with a compression fixture, weights, and a forced convection 
heating chamber. The system illustrated in Figure 2.9 [1] was initially preheated to 79ºC without 
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the specimen and the top fixture was suspended. The specimen was then introduced into the 
system and allowed to equilibrate for 45 min before the suspended weight was lowered onto it to 
achieve a flat-wise compression with a controlled stress level of 0.263 MPa. The specimen was 
then allowed to stabilize. 
 
Figure 2.9: Setup used for the stress-controlled programming [1]  
         As the rheological model implies, the creep behavior of the active phase can be 
functionalized as     ( 
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understood that the instant strain at the beginning of the creep corresponds to   
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the plateau after the initial strain increasing approximately determines   
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, as 
illustrated in Figure 2.10. Further simulation and curve-fitting could help obtain the value of γa. 
Also as the formulae indicate, the strain growth after the plateau is governed by the irreversible 
component. Thus, several more creep tests at different temperatures, which were conducted 
through DMA were enough to help solve the factors associated with γir . 
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Figure 2.10: Scheme illustrating the parametric identification for the active phase 
2.6.1.3 Frozen Phase 
The parameters involved in the frozen phase are determined through the isothermal flat-wise 
compression test in room temperature. The experiment testing was performed on a MTS 
QTEST/150 electromechanical system per the ASTM C 365 standard. A constant rate of 
1.3mm/min was adopted to conduct a strain-controlled compression.         
With the pre-defined constant strain rate, the stress response was derived from the rheological 
model introduced in the previous section as a function of the engineering strain,   
    
 
 
 
  
    
 
   
        , where   represents the strain rate. It is noted that though the exact 
value of ε should equals to 
           
  
, neglecting εg to reach an approximate value instead would 
not sacrifice much accuracy because of the high stiffness of the glass inclusions and 
comparatively low stress level. It is then observed that the slope of the initial part of the stress-
 36 
strain curve can be considered as equal to (  
     
   )    and the tangent of the final part of 
the curve approximately defines   
      , as shown in Figure 2.11. A γf value is then obtained 
through the curve-fitting based on the simulation results. Note that the irreversible component is 
omitted here because of the solid state of the syntactic foam at low temperatures. 
 
Figure 2.11: Parametric identification scheme for the frozen phase 
2.6.2 Numerical Study 
       Finally through the efforts in previous sections, the material parameters adopted in this 
model are determined and listed in Table 2.2. 
2.6.2.1 Stress-controlled Programming and Free Recovery 
During the experiment, a SMP based syntactic foam sample was stressed by a constant load 
σ0 at θH and then held for a time period t1 (Step 1). After that the sample was naturally cooled 
down to θL with the same constant load (Step 2). The cooling rate can be determined by 
Newton’s Law of Cooling: 
  
  
  (    ). θs is the surrounding environmental temperature. 
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Table 2.2: Material parameters of the thermoviscoelastic constitutive model 
 
Model components                         Material parameters                           Values 
Volume fraction of matrix                        fp                                                 0.6 
Frozen fraction evolution  (Φ )              A; θg (˚C)                                       1.5; 71 
Glass microballoon                                Eg (MPa)                                       7E4 
Active phase                                          Ea
e
 (MPa)                                       9.38 
                                                               Ea
v
 (MPa)                                      1.90 
                                                               γa (MPa·s)                                      332   
Frozen phase
 
                                         Ef
eq
 (MPa)                                      15 
                                                               Ef
neq
 (MPa)                                    247 
                                                               γf (MPa·s)                                      2E9     
Thermal expansion coefficient              α(θ) (˚C-1)                                      1.72E-4-1.40E-6·θ   
Irreversible strain                                  γir (MPa·s) (θ≥θH); θH (˚C)         1.2E5; 79 
                                                               γir (MPa·s)  (θ≤θi); θi (˚C)          7E8; 55 
                                       γir
0(MPa·s);                                     1.2E5 
                                                      c1; c2(˚C); θr (˚C)                            3.06; 34.07; 79 
Experimental setup                               θL (˚C); t1(min); σ0  (MPa)              22; 30; 0.263 
Cooling rate                                          k(s
-1); θS                                          4.6E-5; 20 
Heating rate                                          hv (˚C/min)                                      0.3                            
  
     Once the temperature reaches θL, the load was removed (Step 3) and the sample was then 
heated up to θH without any loading (free recovery) (Step 4). 
In order to fully understand the whole thermo-mechanical cycle, the numerical simulation is 
conducted in the time scale (Figure 2.12 (a)).  
The model shows the general behavior of the compressive strain in the thermo-mechanical 
history which increases rapidly at H (Step 1) and reaches the plateau during cooling and 
unloading (Step 2 and Step 3) then decreases as temperature rises (Step 4). In general, the model 
is in agreement with the test results.   
2.6.2.2 Constrained Stress Recovery 
After the stress-controlled programming (the first three steps in Figure 2.12 (a)), the fully 
constrained recovery process is carried out with boundary conditions of fixed-strain constraint 
(zero initial stress) and a constant heating rate, aiming at characterizing the stress recovery 
feature of the SMP based syntactic foam.  
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(a) Stress-controlled strain fixity and free recovery 
 
(b) Constrained stress recovery 
 
Figure 2.12: Numerical simulations of thermo-mechanical behavior of the SMP based syntactic 
foam (a) stress-controlled strain fixity and free recovery (b) constrained stress 
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Figure 2.12 (b) shows the stress vs temperature behavior from the experiment and the 
numerical simulation. The two curves agree fairly well especially after the peak stress. The 
difference between the model and the experiment in the initial part probably comes from the lack 
of close contact between the specimen and the load cell at the beginning of the loading. 
2.7 Prediction and Discussion 
Following the model validation, the effects of several design parameters on the 
thermomechanical behavior of the foam are numerically investigated as follows. 
2.7.1 Dependence on Microballoon Volume Fraction  
Superior to pure shape memory polymer, the thermomechanical properties of the studied SMP 
based syntactic foam can be modified without complex chemical procedures. Figure 2.13 shows 
the predicted thermomechanical behavior of two SMP based syntactic foams with different 
volume fractions of microballoon inclusions. It appears that more glass microballoons addition 
leads to a stiffer material and a higher peak recovery stress, but does not affect the recoverability. 
Thus, with proper adjustment of the percentage of the compositions, one can customize the foam 
to satisfy both the conventional mechanical capability demands and the material intelligence 
requirements.  
2.7.2 Dependence on Microballoon Stiffness 
       Another approach to tailor the mechanical properties of the SMP based syntactic foam is to 
modify the particle stiffness. Generally, the hallow particle has different stiffness with different 
wall thickness. If assuming the properties of the ITZ are only dependent on the geometry and the 
surface composition of the particles, the syntactic foams with different particle wall thickness but 
the same particle size will have the same equivalent polymer matrix. The addition of soft 
inclusions (with thinner wall) consequently reduces the foam stiffness and yields a slightly 
higher strain level during step 1 and step 2 (loading and cooling) as shown in Fig. 2.14 (a). 
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(a) Strain history throughout the thermomechanical cycle 
 
(b) Stress evolution during shape recovery 
 
Figure 2.13: Effect of microballoon volume fraction on the (a) strain history throughout the 
thermomechanical cycle and (b) stress evolution during shape recovery 
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But because the additional elastic strain originates from the stiffness reduction of the hallow 
particles, a larger strain spring-back occurs immediately after the load is removed (Step 3 in Fig. 
2.14 (a)). The most significant change appears in the constrained stress recovery (Fig. 2.14 (b)) 
as the peak recovery stress is clearly increased with stiffer particles. Again, the recoverability of 
the foam is not affected by the change of the stiffness of the glass microballoons.  
2.7.3 Dependence on Cooling and Heating Rate 
The structural relaxation suggests a temperature rate dependence of the SMP based syntactic 
foam. Figure 2.15 (a) shows the effect of cooling rate on the strain in the thermomechanical 
cycle by maintaining the same heating rate in terms of the normalized time (t/t0) (t0 is the total 
time period for the programming and reheating process) and Figure 2.15 (b) shows the effect of 
heating rate on the recovered compressive stress during the constrained shape recovery step 
(Step 4 in the thermomechanical cycle) in terms of the normalized time (t/t0).  
It can be concluded from the illustrations that fast cooling reduces the irreversible strain and a 
higher heating rate leads to a slightly higher peak stress and slightly higher recovered stress. 
2.7.4 Constrained Strain Recovery 
As mentioned earlier, in practice, the syntactic foam is typically used as a core material and 
incorporated into the sandwich composite structure where two stiff skins are attached to its top 
and bottom surfaces (Figure 2.16 (a)).  
Therefore strictly speaking, during a free recovery process of a sandwich structure, the SMP 
based syntactic foam core is actually experiencing a partially confined process with a constant 
stress constraint.  
Such constant stress can be expressed as      , where W denotes the skin weight and 
external confinement load and S is the foam surface area. Figure 2.16 (b) shows the recovery 
strain response of the SMP based syntactic foam core for various constraint stress levels. 
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(a) Strain history throughout the thermomechanical cycle 
 
 
 
(b) Stress evolution during shape recovery 
 
Figure 2.14: Effect of microballoon stiffness on the (a) strain history throughout the 
thermomechanical cycle and (b) stress evolution during shape recovery 
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(a) Strain history throughout the thermomechanical cycle 
 
 
 
 
                                         (b) Stress evolution during shape recovery 
 
Figure 2.15: Effect of temperature rate on the (a) strain history throughout the thermomechanical 
cycle and (b) stress evolution during shape recovery 
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If the same foam core is considered in these cases, the results indicate that heavier skins or 
higher external confinement load resist the recovery of the shape externally (small strain 
recovered externally). Because the recoverability of the foam is not affected by the confinement 
load, the reduced external strain translates to an increases in internal deformation, i.e., the 
material will be pushed into the internal open space such as cracks, leading to self-sealing of the 
damaged foam.  
                                          
(a) Illustration of a SMP based syntactic foam cored sandwich composite structure 
 
(b) The recovery strain response of the sandwich structures to different external confinement 
stresses 
 
Figure 2.16: (a) Illustration of a SMP based syntactic foam cored sandwich composite structure 
(b) the recovery strain response of the sandwich structures to different external 
confinement stresses 
   Foam core 
Skin 
  Skin 
 45 
2.8   General Remarks 
    A thermomechanical constitutive model was developed for an innovative SMP based 
syntactic foam. With the effects of classical viscoelasticity and pseudo-plasticity incorporated, 
the model reasonably captures the essential elements of the shape memory or self-healing 
response. The model was proved through the Clausiu-Duhem inequality for thermodynamic 
consistency and verified against the uniaxial experimental results. A parametric study was 
further conducted to feature the future design and optimization of such intelligent foam material. 
The main results of the simulation are: 
(1) High particle fraction or stiffer inclusions strengthened the material and increased the 
recovery peak stress. An optimal material could be achieved through the adjustment of 
these two factors.   
(2) Fast cooling reduced the permanent deformation thus enhanced the recoverability, while 
fast re-heating increased the peak stress and recovery stress because of the reduction in 
irreversible structure relaxation. 
(3) External confinement during shape recovery significantly affects the recovery stress or 
strain. As the external confinement stress increases, the externally recovered strain 
reduces but the internal deformation increases, leading to better self-sealing of the 
internal damage such as crack. 
However, the main disadvantage of this approach is that it does not represent the physical 
process of the glass transition and thus results in nonphysical parameters, such as the volume 
fractions of the active and frozen phase. And also the proposed constitutive relations limited the 
shape memory behavior to the temperature evolution of the volume fractions, which excluded the 
contribution of other factors. Therefore, further investigation as well as a theoretical 
interpretation is required to address these issues.    
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Chapter 3 Shape Memory Polymer Programmed below Glass Transition Temperature 
As documented earlier, the temperature and time dependent shape memory profile of the 
SMPs was hypothesized by several researchers [56] as a structure evolving history motivated by 
the structure and stress relaxation during the thermomechanical process. It was proposed that the 
dramatic change in the temperature dependence of the molecular chain mobility, which describes 
the ability of the polymer chain segments to rearrange locally to bring the macromolecular 
structure and stress response to equilibrium, underpins the thermally activated shape memory 
phenomena of SMPs. The fact that the structure relaxes instantaneously to equilibrium at 
temperature above Tg but responds sluggishly at temperature below Tg, suggests that cooling 
macroscopically freezes the structure in a non-equilibrium configuration below Tg, and thus 
allows the material to retain a temporary shape. Reheating to above Tg reduces the viscosity, 
restores the mobility and allows the structure to relax to its equilibrium configuration to achieve 
shape recovery.  
We believe that, as long as a non-equilibrium configuration can be created and maintained, 
the SMP will gain the shape memory capability, regardless of the temperature at which the non-
equilibrium configuration is created. Therefore, in this chapter, a different thermomechanical 
programming process was proposed for thermally activated SMPs. Instead of the heating then 
cooling steps, the programming was conducted at a constant temperature which was well below 
the Tg of the SMP. The SMP specimens were isothermally and uniaxially compressed to a certain 
strain level and then held for relaxation with strain maintained. It was found that a decent fixity 
ratio could be achieved efficiently with an adequate strain and a relaxation time period. The 
durability of the fixed temporary shape was then verified in different environmental aging tests 
such as water immersion and ultraviolet light exposure. Subsequent free recovery tests proved 
that the permanent shape was also recoverable upon heating, similar to the specimens 
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programmed using the traditional approach. A continuum finite deformation based 
thermoviscoplastic model was then developed to describe such a phenomenon. The concept 
presented by Nauyen et al. [56] that the shape memory effect in nature is the transition between 
equilibrium and nonequilibrium configuration of the SMP structure was adopted and extended to 
the isothermal shape fixity process below Tg. The Narayanaswamy-Moynihan model [91, 92] 
was incorporated to represent the structure relaxation. Comparisons with experiments showed 
that the model could fairly well reproduce the general thermomechanical behavior of the SMPs. 
Subsequent parametric studies were conducted to explore the shape memory responses to 
different stimuli per the validated constitutive model.   
3.1. Experimental Method 
3.1.1 Raw Materials, Curing, and Specimen Preparation  
 The shape memory polymer was a polystyrene based thermoset SMP resin system with a Tg of 
62 ºC commercially sold by CRG Industries under the name Veriflex. A hardening agent 
distributed by the same company was then added to the SMP resin. The mixture was blended for 
10 min before it was poured into a 229×229×12 mm steel mold and placed into a vacuum 
chamber at 40 kPa for 20 min for removal of any air pockets introduced during the mixing 
process. The resin was then cured in an oven at 79 ºC for 24 hours, followed by 6 hours at 107 ºC. 
After curing, the SMP panel was de-molded and cut into 30×30×12 mm block specimens for 
further testing. 
3.1.2 Coefficient of Thermal Expansion Measurement 
 The linear thermal expansion coefficient was measured by using a linear variable differential 
transducer (LVDT, Cooper Instruments LDT 200 series) system to record the specimen surface 
displacement and a Yokagawa DC100 data acquisition system to collect the thermocouple 
measurement of the temperature change. The temperature was ramped from room temperature to 
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100 ºC at an average heating rate of 0.56 ºC/min. After equilibrating for 30 minutes, the sample 
was naturally cooled down to room temperature. 
3.1.3 Programming by Isothermal Flat-wise Uniaxial Compression Tests 
 As discussed previously, we proposed to program the specimens at a temperature well below 
the Tg of the SMP, instead of the traditional three-step and lengthy programming process. In this 
study, room temperature (20
o
C) was adopted for programming. The programming was conducted 
by a uniaxial compression test. Uniaxial flat-wise compression was performed on a MTS 
QTEST150 electromechanical frame outfitted with a moveable furnace (ATS heating chamber) 
per the ASTM C 365 standard at a displacement rate of 1.3 mm/min to the test prestrain level. 
Temperature control and monitor were achieved through a thermocouple placed in the chamber 
near the SMP specimen. Stress-strain responses were then generated for different prestrain levels 
and stress relaxation time. In this study, two prestrain levels (5% and 30%), corresponding to the 
elastic zone and post-yielding zone, respectively, were selected. The stress relaxation time was 
determined to be 0min, 30min, 120min, and 240min for the 5% prestrain, and 0min, 5min, 15min, 
30min, and 120min for the 30% prestrain. At least three effective specimens were tested for each 
prestrain level and stress relaxation time. 
3.1.4 Free Shape Recovery Tests 
 Once the specimens were programmed, unconstrained strain recovery testing was then 
implemented, where the compressed SMP specimen was reheated to Thigh=79 ºC at an average 
heating rate q=0.82 ºC/min. The same LVDT system was used to track the movement of the 
specimen during heating. 
The thermomechanical cycle including programming and shape recovery was schematically 
shown in Figure 3.1. It is clear that the programming consists of three steps at a fixed glassy 
temperature (room temperature in this study): compression to the designed prestrain (Step 1), 
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stress relaxation (Step 2), and removal of loading (Step 3). Obviously, depending on the 
relaxation time, the entire programming takes from minutes to a couple of hours, instead of the 
traditional way of programming, which requires a good temperature control and over 10 hours of 
programming time [1]. For Step 4, shape recovery, it is the same as the traditional approach.  
 
Figure 3.1: A schematic of the four-step thermomechanical cycle (programming (Step 1-Step 3) 
and shape recovery (Step 4)) 
 
3.1.5 Environmental Aging Tests  
 The capability for the SMP to maintain its shape fixity has been well established for 
specimens programmed by the traditional programming approach. However, the durability of the 
functionality for an SMP programmed at a temperature below Tg is not clear. The durability of 
the temporary shape of the SMP specimens was investigated respectively under specific 
conditions of water immersion, ultraviolet light exposure and the combination of these two 
configurations (Figure 3.2). The specimens were monitored regularly at times during a period of 
up to 3 months in order to record any dimension changes.  
3.2 Experimental Results 
3.2.1 Uniaxial Strain-controlled Compression Programming 
Permanent 
shape 
(T>Tg) 
Programming (Step 
1): Compression to 
designed pre-strain 
(T<Tg) 
Programming 
(Step 2): Stress 
relaxation (T<Tg) 
Programming 
(Step 3): Removal 
of stress (T<Tg) 
   Shape recovery 
(Step 4): Heating 
above Tg (T>Tg) 
 50 
 The strain evolution during the material programming process (including the first three steps 
of the entire thermomechanical cycle in Figure 3.1) is presented in Figure 3.3.  
        
                  (a)                                (b)                            (c) 
 
Figure 3.2: Environmental aging test set-up for different environments (a) water immersion (b) 
ultraviolet light exposure (c) water immersion + ultraviolet light exposure 
 
Comparison between Figure 3.3 (a) and Figure 3.3 (b) shows obvious difference in shape 
fixity for different prestrain levels. SMP specimens programmed to 5% prestrain level cannot fix 
a temporary shape regardless of the stress relaxation time length. Upon removal of the load, 
immediate full spring-back is observed. For specimens programmed by 30% prestrain, however, 
a decent amount of strain is preserved, even when the constraint is instantly removed (zero 
relaxation time). With zero stress relaxation time, the shape fixity is still about 73%. Obviously, 
the prestrain level plays a key role in programming at glassy temperature.  
As documented in a previous study [1], the uniaxial compression yielding strain of the same 
SMP is about 7% at the same glassy temperature. Obviously, 5% prestrain falls in the elastic 
region of the SMP. Therefore, immediate full springback occurs regardless of the relaxation time 
held. At 30% prestrain, the SMP specimen already yields and thus is able to maintain a decent 
temporary fixed strain even without stress relaxation. Therefore, a post-yielding prestrain level 
determines the success of the programming at glassy temperature.  
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It can also be observed from Figure 3.3 (b) that a longer stress relaxation time in Step 2 tends 
to enhance the shape fixity ratio. As the relaxation time continually increases, the shape fixity 
asymptotically approaches an upper bound.  
 
(a) before yield with 5% prestrain 
 
 
(b) post-yield with 30% prestrain 
 
Figure 3.3: Shape fixity results at temperature below Tg for specimens programmed (a) before 
yield with 5% prestrain and (b) post-yield with 30% prestrain 
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It is equal to the difference between the prestrain and elastic spring-back (ratio of the relaxed 
stress over the relaxed modulus). Further increase in the relaxation time can hardly bring up any 
significant increase in shape fixity ratio. 
3.2.2 Environmental Aging Test 
The environmental aging test results detected no change for all of the aging conditions during 
the tests. Since the observation time is up to 3 months and the environment conditions covered 
the most common working conditions, the durability of the retained deformation should be well 
confirmed. In other words, the temporary shape of SMP programmed at glassy temperature is 
durable.  
3.2.3 Free Recovery Test 
 Figure 3.4 shows the unconstrained strain recovery during the heating process (step 4 in 
Figure 3.1). It is observed that initially the programmed specimen only shows a slight and 
gradual thermal expansion, while as the temperature approaches Tg, the influence of the entropy 
change is becoming dominant, leading to a rapid strain recovery.  
At temperatures well above Tg, most of the pre-strain has been released and the strain 
converges to a stabilized value. It is interesting to note that a similar sigmoidal-type strain 
recovery path is shared by all the specimens with different relaxation time during programming, 
implying that the strain release mechanism is generally independent of the holding time during 
programming. It can be seen that almost all of the stored compression strain has been released at 
the end of the recoveries, which validates the recoverability or shape memory functionality of the 
SMP programmed at glassy temperature. In other words, the approach of programming at glassy 
temperature is much simpler and easier thus should be applied in practice. 
The stress-strain-time behaviors for the entire themomechanical cycle, including a three-step 
glassy temperature programming process and one step heating recovery, are shown in Figure 3.5. 
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Figure 3.4: Strain-time response during the entire thermomechanical cycle for specimens 
programmed with 30% prestrain 
 
 
 
 
Figure 3.5: 3-D thermomechanical cycle in terms of stress-strain-time for different stress 
relaxation time with a prestrain level of 30% 
 54 
 An extremely nonlinear, time and temperature dependent material behavior is revealed. In-
depth understanding of this complex thermomechanical behavior demands comprehensive 
constitutive modeling, which is developed in the following section. 
3.3 Constitutive Modeling 
3.3.1 General Consideration 
 As previously documented the molecular resistance to inelastic deformation for SMPs below 
the glass transition temperature (Tg) mainly originates from two sources: the intermolecular 
resistance to segmental rotation and the entropic resistance to molecular alignment [88, 93]. The 
four-step thermomechanical cycle shown in Figure 3.1 can be analyzed as follows. It is assumed 
that the plastic flow does not commence until the stressed material completely overcomes the 
free energy barrier to the molecular chain mobility, a restriction imposed on molecular chain 
motion from neighboring chains. Following the initial yield, molecular alignment occurs and 
subsequently alters the configurational entropy of the material (Step 1). Since the plastic 
straining develops in a rate-dependent manner, the length of relaxation time physically indicates 
the degree of the nonequilibrium configuration (Step 2). A relaxed configuration is then obtained 
after elastically unloading to a stress free state (Step 3). Due to the high material viscosity and 
vanishing chain mobility at the glassy programming temperature, the nonequilibrium structure is 
prevented from relaxing to the equilibrium state in an observable time frame, resulting in a 
retained temporary shape. Upon heating to above Tg the viscosity decreases and chain mobility 
increases. The thermodynamically favorable tendency of increasing entropy allows the material 
to restore its equilibrium configuration and thus achieve shape recovery (Step 4).  
 Based on this understanding, a mechanism-based constitutive model was developed by 
incorporating the nonlinear structural relaxation model into the continuum finite-deformation 
thermoviscoelastic theory as follows. The aim of this effort was to establish a quantitative 
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understanding of the shape memory behavior of the thermally responsive SMP programmed at 
temperatures below Tg. Therefore, to keep matters simple, several basic assumptions were made 
in this study: 
1) The SMP system is considered to be macroscopically isotropic and homogeneous. A 
uniform stress field assumption is held.  
2) Heat transfer in the material is not considered. The temperature is then treated as uniform 
over the entire body. 
3) The structural relaxation and inelastic behavior of the material is assumed to be solely 
dependent on the temperature, time and stress.  
4) The material is assumed to be without any damage during the thermomechanical cycle. 
3.3.2 Deformation Response 
 As illustrated in Figure 3.6, any arbitrary thermomechanical path can be considered as a 
transition of the material between an initial reference configuration of an undeformed and 
unheated continuum body denoted by Ω0 and a spatial configuration Ω of the deformed body 
which may have also experienced a certain temperature change.  
It is assumed that the configuration Ω0 is either in thermodynamic equilibrium in rubbery state 
or in a stress-free glassy configuration originated from mechanically unconstrained cooling from 
high temperature.  
A deformation gradient       ⁄  represents the tangent of a general nonlinear mapping 
   ( ( )  ( )  )  of a material point from Ω0 to Ω. This deformation mapping is then 
considered to be a combination of a thermal deformation and a mechanical deformation, which 
can be separated through a multiplicative decomposition scheme [77, 78]: 
                                  (3-1) 
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Here, FM defines the mechanical deformation gradient; FT defines the mapping from Ω0 to ΩT , 
an intermediate heated configuration.  
Because the material is assumed to be isotropic, the thermal deformation gradient can be 
expressed as: 
      
   
                            (3-2) 
where        (  ) is the determinant of the thermal deformation gradient, representing the 
volumetric thermal deformation. 
 
 
    
              
Figure 3.6: An analogous decomposition scheme for the deformation gradient 
To separate the elastic and viscous response, we further introduce the multiplicative split of 
the mechanical deformation gradient into elastic and viscous components [78, 94]: 
                                   (3-3) 
Although a discrete spectrum of nonequilibrium processes   
    
   
  (i=1,….N) [95] would 
be more appropriate to describe the general behavior of the real solid materials, only single stress 
relaxation is considered in the following derivation for the sake of convenience. The viscous part 
of the velocity gradient is then defined as: 
     ̇   
                              (3-4) 
where Dv is the symmetric part of Lv, representing the plastic stretch of the velocity gradient and 
Wv is the asymmetric component, representing the plastic spin. By applying the polar 
decomposition, we can also split Fe into a stretch (Ve) and a rotation (Re) as: 
                                    (3-5) 
Fv 
Spatial Ω 
Relaxed Ω' 
Fe 
F 
Thermal ΩT 
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FT F
M 
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3.3.3 Structural Relaxation Response 
A fictive temperature Tf based approach firstly introduced by Tool [89] has been proved 
to be extremely successful in supplying the information about the free volume or the structure in 
the formulation of the free energy density. The fictive temperature Tf is an internal variable to 
characterize the actual thermodynamic state during the glass transition, defined as the 
temperature at which the temporary nonequilibrium structure at T is in equilibrium (Nguyen et 
al., 2008). It was assumed that the rate change of the fictive temperature is proportional to its 
deviation from the actual temperature and the proportionality factor depends on both T and Tf 
[91], as indicated in the evolution equation [89]: 
 
   
  
  (    )(    )                      (3-6) 
 The Narayanaswamy-Moynihan model (NMM), discussed in details by Donth and Hempel 
[96], is an improvement for this approach. Instead of postulating a simple exponential relaxation 
mechanism governed by a single relaxation time [89], the non-exponential structural relaxation 
behavior as well as the spectrum effect was studied.  It is assumed that the whole thermal history 
T(t) starts from a thermodynamic equilibrium state where T(t0)=Tf(t0). And Tool’s fictive 
temperature is defined by 
   ( )   ( )  ∫  (  )  ( )
 
  
                     (3-7) 
The response function is chosen, according to Moynihan et al. [92], in a manner of a Kohlrausch 
function, the value of β in which describes the non-exponential character of the relaxation 
process: 
      [ (  ) ]    0<β≤1                     (3-8) 
The dimensionless material time difference Δς is introduced to linearize the relaxation process: 
     ( )   (  )  ∫
  
  
 
  
                      (3-9) 
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where the structural relaxation time τs, a macroscopic measurement of the molecular mobility of 
the polymer, accounts for the characteristic retardation time of the volume creep [56, 90]. As 
presented earlier that the structural relaxation in terms of τs is controlled by both of the actual 
temperature T and the fictive temperature Tf, a Narayanaswamy mixing parameter x was 
introduced to weigh their individual influence [91]: 
         [ (     )
 
(
 
    
 
   
     
)]   0<x≤1            (3-10) 
It can be observed that the term of (1-x) describes the contribution of Tf. Here, Tg is the glass 
transition temperature. T∞ denotes the Vogel temperature, defined as (Tg-50) (ºC). τ0 corresponds 
to the reference relaxation time at Tg. And B is the local slope at Tg of the trace of time-
temperature superposition shift factor in the global William-Landel-Ferry (WLF) equation [97].  
 After obtaining the evolution profile of Tf, we can then evaluate the isobaric volumetric 
thermal deformation corresponding to a temperature change from T0 to T [56, 91, 98]: 
   (    )      (     )    (    )               (3-11) 
where  αr and αg represent the long-time volumetric thermal expansion coefficients of the 
material in the rubbery state and the short-time response in the glassy state respectively. 
3.3.4 Stress Response 
 The mechanical behavior of amorphous glassy polymers under various temperature conditions 
has been extensively studied by numerous researchers [81, 88, 93, 99-105]. Although other 
approaches can still accommodate the present constitutive framework, the method by Boyce and 
co-workers is adopted in this study to model the general stress-strain behavior of the SMPs.  
 As demonstrated previously, the overall mechanical resistance to the straining of a polymer 
mainly comes from two distinct sources: the temperature rate dependent intermolecular 
resistance and the entropy driven molecular network orientation resistance. It is therefore 
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possible to capture this nonlinear behavior by decomposing the stress response into an 
equilibrium time-dependent component σve representing the viscoplastic behavior and an 
equilibrium time-independent component σn representing the rubber-like behavior. The two 
stress components can be represented by a three-element conceptual model schematically 
illustrated in Figure 27 for a one-dimensional analog. An elastic-viscoplastic component consists 
of an Eyring dashpot monitoring an isotropic resistance to chain segment rotation and a linear 
spring used to characterize the initial elastic response, while a paralleled nonlinear hyperelastic 
element accounts for the orientation strain hardening behavior. 
                                            
                          Figure 3.7: A linear rheological illustration for stress response 
 If we further denote the deformation gradient acting on the elastic-viscoplastic component by 
Fve and the deformation gradient acting on the network orientation spring by Fn, the following 
constitutive relations are revealed: 
                                  (3-12) 
                                  (3-13) 
                                   (3-14) 
                                  (3-15)  
 Then the equilibrium response acting on the network orientation element can be defined 
following the Arruda-Boyce eight chain model [81] as: 
{Fn, σn} 
{Fe, σe} {Fv, σv} 
{Fve, σve} 
Hyperelastic spring 
Elastic-viscoplastic 
component 
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)  ̅    (   )               (3-16) 
where μr is the initial hardening modulus, and kb denotes the bulk modulus to account for the 
incompressibility of rubbery behavior. Because most amorphous polymers exhibit vastly 
different volumetric and deviatoric behavior, the volumetric and deviatoric contributions are 
considered separately by taking out the volumetric strain through the split formulation [106, 107]:  
  ̅    
    
                           (3-17) 
where        (  ).  ̅   ̅  ̅ 
  is the isochoric left Cauchy-Green tensor, and  ̅   ̅  
 
 
  ̅   
represents the deviatoric component of  ̅ .   ̅    ( ̅)  is the first invariant of  ̅ .        
√  ̅    is the effective stretch on each chain in the eight-chain network. λL is the locking stretch 
representing the rigidity between entanglements. The Langevin function    is defined by: 
  ( )      ( )  
 
 
                      (3-18) 
whose inverse leads to the feature that the stress increases dramatically as the chain stretch 
approaches its limiting extensibility λL . 
 The nonequilibrium stress response acting on the elastic-viscoplastic component can be 
determined through the elastic contribution Fe: 
        
 
  
  (    )                     (3-19) 
where        (  ), and  
           is the fourth order isotropic elasticity tensor. G and 
λ are Lamé constants,   is the fourth order identity tensor and I is the second order identity tensor. 
3.3.5 The Viscous Flow 
 As proposed earlier, the molecular process of a viscous flow is to overcome the shear 
resistance of the material for local rearrangement. Therefore, a plastic shear strain rate  ̇  is 
given to help constitutively prescribe the viscous stretch rate Dv as: 
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     ̇                            (3-20) 
where   
   
 
√   
     
 
 
   
 
‖   
 ‖
 is the normalized deviatoric portion of the nonequilibrium stress. It 
states that the viscous stretch rate scales with the plastic shear strain rate and evolves in the 
direction of the flow stress. 
 Taking into account that the non-Newtonian fluid relationship must be valid for the dashpot of 
the mechanical model, the shear strain rate  ̇   can be formulated in an Eyring model [108] with 
the temperature dependence in a WLF kinetics manner: 
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)                   (3-21) 
Here  ̅  
‖   
 ‖
√ 
 is defined as the equivalent shear stress; c1, c2 are the two WLF constants; Q is 
the activation parameter; s represents the athermal shear strength; and ηg denotes the reference 
shear viscosity at Tg. The evolution Eq. (3-21) reveals the nature of the viscoplastic flow to be 
temperature-dependent and stress-activated.  
More recently, Nguyen et al. [56] further extended the viscous flow rule to a structure 
dependent glass transition region by introducing the fictive temperature Tf into the temperature 
dependence: 
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)              (3-22) 
It can be observed that once the material reaches equilibrium where     , Eq. (3-22) will 
reduce to Eq. (3-21) for a structure independent time-temperature shift factor.  
 As extensively documented, upon yielding the initial rearrangement of the chain segments 
alters the local structure configuration, resulting in a decrease in the shear resistance. To further 
feature the macroscopic post-yield strain softening behavior, the phenomenological evolution 
rule for the athermal shear strength s proposed by Boyce et al. [100] is implemented, 
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  ̇   (  
 
  
) ̇                         (3-23) 
The initial condition      applies. Here s0 denotes the initial shear strength, while ss denotes 
the saturation value. h is the slope of the yield drop with respect to plastic strain. It should be 
noted that a softening characteristic can only be captured when       stands.  
3.3.6 General Remarks 
 For completeness, the constitutive relations for the sophisticated temperature and time 
dependent thermo-mechanical behavior of the thermally activated SMPs are summarized in 
Table 3.1.  The comprehensive model considers the material mechanical response in a manner of 
structure dependent thermoviscoelasticity and is capable of capturing the important features of 
the polymer behavior such as yielding, strain softening and strain hardening. However, it should 
be noted that since our aim is just to establish a thermomechanic framework for the extraordinary 
characteristics of SMPs programmed at glassy temperature, the present constitutive model is 
comparatively simple to the real SMP behavior. Several factors such as heat conduction, 
deformation-induced entropy change and pressure on the structure and stress relaxation response 
are not being taken into account. A single nonequilibrium stress relaxation process is also 
assumed for the sake of convenience, yet multiple relaxation mechanism (i.e., more separate 
Maxwell elements in Figure 3.7) are required to distinguish the long-range entropic stiffening 
process and the short-range viscoplastic flow induced strain-hardening behavior.  
3.4 Results and Discussions 
3.4.1 Model Validation 
 The constitutive relations were then coded and implemented into the MATLAB program to 
simulate the corresponding experimental data reported earlier. The model parameters were 
obtained through various mechanical testings. Detailed parameter identification procedures were 
briefly described as follows: 
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Table 3.1: Summary of the thermoviscoelastic model 
deformation response 
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(1) A cooling profile of the thermal deformation is plotted versus the temperature in Figure 
3.8. The reference height L0 denotes the initial sample height. It can be observed that the 
thermal response is not linear as the temperature traverses through the glass transition 
region. Linear αr and αg were computed from the slopes at both above and below the Tg. 
Volumetric CTEs is three times the values of the linear CTEs.  
(2) As suggested in previous efforts [55-56, 93], the viscoplastic parameters such as Q, s, ss, 
and h can be roughly determined from the curve fitting of the compression tests at 
different strain rates (Figure 3.9). The ratio Q/s determines the strain rate dependence of 
the yield strength, and s/ss indicates the drop of the shear strength. h characterizes the 
strain-softening rate after yielding. 
 64 
 
 
Figure 3.8: Thermal response to a stress-free cooling 
 
 
 
Figure 3.9: Stress-strain response of the SMP at strain rates 
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(3) μr and λL are the parameters characterizing the rubbery behavior of the material, and can 
be determined from the stress-strain response at temperatures above Tg (Figure 3.10). 
Lamé constants G and λ can be related to the initial slope of the isothermal uniaxial 
compression stress-strain curve in glassy state by assuming a typical polymer Poisson’s 
ratio of 0.4 [55]. Although it has been suggested that different sets of parameters μr and λL 
are preferable to capture the fundamentally different response of the rubbery state and the 
glassy state [55, 109], they are treated to be temperature independent for the sake of 
convenience in parameter identification and computational simplicity.  
(4) The structure relaxation parameters x and β are fitted to a stress-free, constant heating 
profile of the thermal deformation (Figure 3.11).  
  
Figure 3.10: Stress-strain response of the SMP at different temperatures 
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Figure 3.11: Thermal response for a stress-free, constant heating rate (            ) test 
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The final values of these parameters are listed in Table 3.2.  
Table 3.2: Material parameters of the preliminary constitutive model 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
As shown in Figure 3.12, the numerical simulation covers the entire thermomechanical 
profile of the SMP for different relaxation histories in a strain-time scope, for the SMP 
programmed at 30% prestrain. The material was initially stressed to the pre-defined strain level 
after overcoming the yielding point and experiencing a slight strain-softening followed by a 
significant strain hardening (Step 1) phenomenon. After that it was held with different time 
Model parameters Values 
Tg (ºC) glass transition temperature 62 
T0 (ºC) programming temperature 20 
Δt (minute) relaxation time 0/5/15/30/120 
αg (10
-4
 ºC
-1
) volumetric CTE of glassy state 5.462 
αr (10
-4
 ºC
-1
) volumetric CTE of rubbery state 8.441 
G (MPa) glassy shear modulus  196.4 
λ (MPa) Lamé constant for glassy state 785.7 
μr (MPa) rubbery modulus 1.2 
kb (MPa) bulk modulus 1000 
λL  locking stretch 0.95 
μg (MPa∙s
-1
) reference shear viscosity at Tg 1550 
s0 (MPa) initial shear strength. 35 
ss (MPa) steady-state shear strength 33 
Q/ s0 (ºK/MPa) flow activation ratio 380 
h (MPa) flow softening constant 250 
c1 first WLF constant 25.8 
c2 (ºC) second WLF constant 90 
τ (s) structure relaxation characteristic time 200 
x NMM constant 0.95 
β Kohlrausch index 0.95 
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periods of relaxation for plastic strain development (Step 2). Finally the remaining stress was 
instantly removed, leading to a stress-free state (Step 3). Lengthy relaxation seemly enhanced the 
level of the strain fixity. The stored deformation was then released and the original shape 
recovered during a sequent heating process (Step 4).  
 
 
Figure 3.12: Numerical simulation for the full thermomechanical cycle (the four steps for the 
entire thermomechanical cycle for the specimen with 120min of stress relaxation 
time during programming are also shown) 
 
As seen from Figure 3.12, the model simulation generally has a reasonable agreement 
with the test results. It proves that the model is capable of capturing the basic nonlinear material 
behavior of the SMP during such a thermomechanical cycle, although it can be observed that the 
real SMP samples failed to achieve the full recovery as indicated by the prediction. The reason 
for this discrepancy may come from a couple of sources. Considering the large peak compressive 
stress applied during programming (about 40MPa in Figure 3.5), some irreversible damage may 
have been induced in the SMP specimen. Also the deficiency of the single relaxation assumption 
appears evident in the discrepancies between the simulation and experiments when the relaxation 
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time is insufficient. This can be validated by Figure 3.12 that as the relaxation time is short, the 
discrepancy is large; as the relaxation time is long enough (120min), the discrepancy becomes 
comparatively small. Therefore, a spectrum of multiple nonequilibrium processes would be 
required to describe the actual stress relaxation course of a real solid SMP. 
3.4.2 Prediction and Discussion    
 To demonstrate that the shape memory response of the SMP has a strong dependence on the 
structural evolution, the influence of the temperature profile has been investigated through the 
unconstrained recovery simulations. 
3.4.2.1 Dependence on the Heating Rate 
 Figure 3.13 exhibits the free recovery prediction results for two different heating rates 
           and           . It is observed that a faster heating rate shifts the initiation of 
the recovery process to a higher temperature and leads to a more gradual temperature 
dependence at the start of the strain release, but hardly affects the final recovery ratio.  
 
Figure 3.13: Recovery strain as a function of temperature for different heating rates 
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3.4.2.2 Dependence on the Heating History 
 Besides the heating rate, the heating profile also influences the structure evolution. The 
calculation results for two types of heating profiles are shown in Figure 34. Heating profile #1 
represents a heating profile from 22 ºC to 79 ºC with a constant heating rate of         ; 
while heating profile #2 represents a heating profile from 22 ºC to 68 ºC with a constant heating 
rate of           and followed with a 50 minute soaking period. It exhibits that although 
heating profile #2 does not reach the same high temperature of 79 ºC as that of the heating 
profile #1, it still reaches the same recovery strain level after adequate soaking.   
 
Figure 3.14: Recovery strain as a function of temperature for different heating profiles 
 
3.4.2.3 Dependence on the Programming Temperature T0 
 The effect of the programming temperature T0 is shown in Figure 35. The SMP samples are 
considered to be programmed at 20ºC and 40ºC respectively for the same relaxation time period 
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of 20 minutes. Two cases are considered. For Case (a), shape recovery immediately follows the 
programming at a heating rate of 3ºC/min, which means that the starting temperature for 
recovery is different (20 ºC and 40 ºC, respectively). It can be seen that a higher T0 significantly 
increases the shape fixity ratio due to the decrease of molecular segmental resistance during the 
plastic flow and shortens the recovery time period. And as the temperature-recovery strain 
subfigure in Figure 35 (a) shows, the two programmed SMPs generally follow a similar recovery 
path except for the small deviation caused by the structure relaxation and thermal expansion.  
For Case (b), the sample programmed at 40ºC is first cooled to 20ºC before being heated to 
recover, which means that the starting temperature for recovery is the same (20 ºC).  
It can be seen from Figure 35 (b) that for the sample programmed at 40 ºC, it takes a longer 
time for completion of Step 4 but with the major recovery completed at a lower temperature, 
again showing a time-temperature equivalency. 
 
 
(a) programming followed with immediate heating recovery 
Figure 3.15: Thermomechanical cycle results for different programming temperatures: (a) 
programming followed with immediate heating recovery (b) programming followed 
with cooling then heating recovery 
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Figure 3.15 continued 
 
 
(b) programming followed with cooling then heating recovery 
3.5 Conclusions  
 The thermomechanical behavior of the thermally responsive SMP with a unique programming 
process at glassy temperature has been studied both experimentally and theoretically. The 
important results of this work include: 
(1) The approach of programming at glassy temperature was proposed, tested, and modeled 
in this study. The test results show that this is an effective and efficient method which 
achieves very large and durable shape fixity, and has similar shape memory capability to 
specimens programmed by the lengthy, labor-intensive, and energy-consuming approach 
currently used. 
(2) It is found that the prestrain level must be larger than the yielding strain of the SMP in 
order to fix a temporary shape at glassy temperatures. 
(3) Longer stress relaxation time leads to larger shape fixity ratio. The upper bound of the 
shape fixity is determined by the difference between the prestrain and the spring-back 
which is the ratio of the relaxed stress over the relaxed modulus. 
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(4) A finite deformation theory and mechanism based thermoviscoelastic constitutive model 
has been developed to study the thermomechanical behavior of the SMP programmed at 
glassy temperature. Because the pseudo-plasticity and structure evolution are 
incorporated, the model reasonably captures the essential characteristics of the shape 
memory response. A fairly good agreement has been reached between the testing and 
modeling. 
(5) The parametric simulation study reveals that the shape memory behavior is highly 
dependent on the heating profile. A faster heating rate shifts the onset of the recovery to a 
higher temperature.  
(6) The effect of heating history further corroborates that the shape recovery response turns 
out to be more of a thermodynamic structure evolution than a steady state variable 
determined phase transition process. Beyond the glass transition temperature, even 
without further heating to a higher temperature, an adequate time period of soaking can 
still help achieve the full recovery.  
(7) As long as the programming occurs in the glassy state, the programming at a higher 
temperature followed with an immediate heating recovery leads to a higher shape fixity 
ratio and has slight effect on the strain recovery. And the recovery of the SMP 
programmed at a higher temperature followed with a cooling process initiates at a lower 
temperature and progressed at a faster rate.  
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Chapter 4  
Shape Memory Polymer Based Self-healing Syntactic Foam Programmed below Glass 
Transition Temperature 
 
As proposed and experimentally validated by Li and coworkers [1-3], a shape memory 
polymer based self-healing syntactic foam can make the best use of the advantages of both shape 
memory effects of SMPs and high mechanical properties of syntactic foams to achieve a 
repeatable, efficient, and almost autonomous structural scale damage healing. It thus has a 
promising future to serve as a self-healing functional component when integrated into 
engineering applications. However, because of the large dimensions of the real structures or 
structural components, it would be extremely impractical to program the foam following the 
traditional heating-constraint-cooling method. The programming method below glass transition 
temperature as described in the previous chapter was used in this study. And also since the glass 
microballoon inclusions usually crush during the programming, a thermomechanical constitutive 
model including damage-effect was developed. After validating by comparison to the 
experimental results, the model was used to analyze the effects of several parameters such as 
volume fraction of inclusions and wall thickness of glass microballoons on the 
thermomechanical behavior. 
4.1 Experimental Method 
The same SMP based syntactic foam as described in Chapter 2 was used for glassy 
temperature programming and free-shape recovery test. The equipment and fixtures used were 
also the same as those in Chapter 2 and Chapter 3.  
4.1.1 Programming below Glass Transition Temperature 
The new programming method and shape recovery follows the same thermomechanical cycle 
described in Chapter 3 and illustrated in Figure 3.1. As suggested in Chapter 3, the shape fixity at 
glassy temperatures requires a post-yield pre-strain; therefore,  a strain level of 30%, which was 
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above the yield strain of 7% for the same foam at room temperature [1],  was selected with the 
stress relaxation time of 0min, 30min, 120min, and 240min. At least three effective specimens 
were tested for each stress relaxation time period.  
4.1.2  Free Shape Recovery Tests 
 Unconstrained strain recovery tests were performed on the programmed specimens. During 
the test, the shape-fixed foam specimen was reheated to Thigh=80 ºC at an average heating rate of 
q=0.4 ºC/min. The displacement of the specimen surface was tracked by the same LVDT system. 
4.2 Experimental Results 
4.2.1 Uniaxial Strain-controlled Compression Programming 
 The strain evolution during the material programming process (Step 1-3) can be observed in 
Figure 4.1. A decent shape fixity ratio (72.6%) was reached even when the constraint was 
instantly removed (zero relaxation time). Similar to the pure SMPs, it is found that a longer stress 
relaxation time tends to increase the shape fixity ratio. However, an upper limit of the shape 
fixity ratio could be reached as the relaxation time continually increases. Further lengthening the 
relaxation time could barely bring up any noticeable increase in the shape fixity ratio. 
4.2.2  Free Recovery Test 
 Figure 4.1 also shows the unconstrained heating recovery (Step 4). The programmed 
specimen initially showed slight thermal expansion. As the temperature further approached Tg, 
the entropy increase led to a rapid strain recovery. At temperatures well above Tg, the strain 
appeared stabilized. A typical recovery path was shared by all the specimens with different 
relaxation time during programming, implying a universal strain release mechanism. It could 
also be observed that the irrecoverable strain for all the specimens appeared to be at nearly the 
same level (about 10%), indicating a similar irrecoverable amount of damage occurred regardless 
of relaxation time period. 
 76 
 
Figure 4.1: Strain-time response during the entire thermomechanical cycle for specimens 
programmed with 30% prestrain 
 
Therefore it is reasonable to assume that the damage occurs merely in the compression 
process (Step 1). Since the damage in the SMP matrix under 30% prestrain can be neglected 
[110], the damage should completely come from the crushing and implosion of the glass hollow 
microsphere. The extremely nonlinear stress-strain-time behaviors for the entire 
themomechanical cycle including a three-step glassy temperature programming process and one 
step heating recovery are shown in Figure 4.2. In-depth understanding of this complex 
thermomechanical behavior requires comprehensive constitutive modeling effort. 
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4.3 Constitutive Modeling 
4.3.1 General Consideration 
 As explained in Chapter 2, the implementation of glass microballoons generated an interfacial 
transition zone (ITZ) layer in the syntactic foam.  
 
Figure 4.2: Thermo-mechanical cycle in terms of stress-strain-time for different stress relaxation 
time with a pre-strain level of 30% 
  
To allow consideration of the influence of such layer on the properties of the SMP matrix into 
the constitutive modeling, the convenient approach to simply treat the ITZ and pure SMP as an 
integrated equivalent SMP matrix was again used.  Since the aim of this work was to just 
establish a theoretic framework for the shape memory behavior of a damage-allowable SMP 
based syntactic foam programmed at temperatures below Tg. Several basic assumptions aiming 
to simplify the matter used in the last chapter retained in this study: 
1) The material is considered to be isotropic, homogeneous, uniformly stressed and heated.  
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2) Structural and stress relaxation are considered to be solely temperature, time and stress 
dependent.  
3) The equivalent SMP matrix is considered to be thoroughly perfect. All the damage 
originates from the crushing and implosion of the glass hollow microspheres. 
4.3.2 Kinematics 
 As documented previously, an arbitrary thermomechanical deformation mapping from an 
initial undeformed and unheated configuration Ω0 to a spatial configuration Ω can be considered 
as a combination of a thermal deformation and a mechanical response. The scheme is expressed 
as a multiplicative decomposition of the deformation gradient [77, 78]: 
                                  (4-1) 
where, FM defines the mechanical deformation gradient while FT defines the mapping path from 
Ω0 to ΩT, an intermediate heated configuration. Because the material is assumed to be 
macroscopically isotropic, the thermal deformation gradient is 
      
   
                            (4-2) 
                            
Figure 4.3: An analogous decomposition scheme for the deformation gradient 
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To consider the composition of the syntactic foam, the rule of mixture applies: 
        (    )                       (4-3) 
here, Fp represents the deformation of the SMP matrix and Fi represents the deformation of the 
glass microsphere inclusions. ΦP is the volume fraction of the polymer matrix. Usually glass 
microspheres crush during the loading step; therefore, a damage allowable constitutive model of 
the microsphere inclusions is required. If an internal stress and time dependent evolution 
parameter Φd (σ,t) is introduced to represent the volume fraction of the damaged microspheres 
out of the total microsphere volume, the deformation of the inclusions could be expressed as 
   (    )  
       
                     (4-4) 
here   
   refers to undamaged microspheres while   
  refers to the damaged microspheres.  
To separate the elastic and viscous response of the SMP matrix, the multiplicative split 
scheme can be operated on the polymer deformation gradient [78, 94]: 
        
   
                          (4-5) 
        
  represents the elastic component and   
  represents the viscous component. 
Further polar decomposition of   
 
 leads to a left stretch tensor (  
 ) and a rotation tensor (  
 ): 
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The viscous velocity gradient is then defined as: 
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where   
  
 
 
(  
    
  )   represents the plastic stretch of the velocity gradient and   
  
 
 
(  
    
  )  is the spin tensor.  
 4.3.3 Structural Relaxation and Thermal Deformation 
The concept of fictive temperature Tf was firstly introduced by Tool [89] to explain the 
nonlinearity of structure relaxation. It, defined to be the temperature at which the temporary 
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nonequilibrium structure at T is in equilibrium [56], serves as a measure of the actual structure 
state. The rate change of the fictive temperature is assumed to be proportionally dependent on its 
deviation from the actual temperature [91]. Its evolution equation was proposed as follows [89]: 
   
   
  
  (    )(    )                    (4-8) 
 The Narayanaswamy-Moynihan model (NMM) further improved this approach by taking into 
account the non-exponential structural relaxation behavior as well as the spectrum effect.  
As discussed in details by Donth and Hempel [90], with the assumption that the whole 
thermal history T(t) starts from a thermodynamic equilibrium state where T(t0)=Tf (t0), Tool’s 
fictive temperature is given by 
     ( )   ( )  ∫  (  )  ( )
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υ is the response function and expressed as a Kohlrausch function [92]: 
        [ (  ) ]    0<β≤1                     (4-10) 
where β describes the non-exponential character of the relaxation process. 
Δς is introduced as the dimensionless material time difference in order to linearize the 
relaxation process: 
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where the parameter τs, commonly referred as the structural relaxation time, is a macroscopic 
measurement of the molecular mobility of the polymer [56, 90].  
As elaborated earlier that the structural relaxation is dependent of both T and Tf, a 
Narayanaswamy parameter x was introduced to weigh their individual influence [91]: 
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)]   0<x≤1             (4-12) 
It is understood that (1-x) describes the effect of the nonequilibrium state. Tg is the glass 
transition temperature and    is the Vogel temperature. 
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τ0 corresponds to the reference relaxation time. B is the local slope at Tg of the trace of time-
temperature superposition shift factor [97].  
 Since the material has been assumed to be statistically homogeneous and heat transfer is not 
considered, the global isobaric volumetric thermal deformation corresponding to a temperature 
change from T0 to T can then be evaluated as follows [56, 91, 98]: 
       (    )      (     )    (    )               (4-13) 
αr and αg respectively represent the long-term volumetric thermal expansion coefficients of the 
material in the rubbery state and the short-term response in the glassy state. 
4.3.4 Constitutive Behavior of Glass Microsphere Inclusions 
 Since the glass hollow microspheres are brittle and have high Young’s modulus, the 
constitutive behavior of the undamaged portion can be considered to be purely elastic: 
          
 
  
    
 (    
  )                   (4-14) 
where   
             is the fourth order isotropic elasticity tensor of the glass 
microspheres. Gi and λi are Lamé constants,   is the fourth order identity tensor and I is the 
second order identity tensor. 
 Physically, the evolution of the crushing and implosion of the hollow microspheres can be 
extremely complex.  
Since our focus is just on establishing a thermomechanical framework for the SMP based 
syntactic foam, to keep matters simple, we assume an instant complete damage mechanism 
occurring to the hollow microspheres partly because the glass hollow microspheres are brittle 
and thus the crack propagation speed is high. So Φd (σ,t) = Φd (σ).  
Normally, the evolution of the damage appears to be extremely nonlinear.  If the statistic 
normal distribution applies, an arbitrary nonlinear damage curve should start slowly when the 
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applied load initially overcomes the bearing stress    and then accelerates as the load further 
increases, and finally slows down gradually as damage proceeds and reaches a complete failure 
of all the microsphere inclusions, as illustrated in Figure 4.4. 
Since it is difficult to capture the real nonlinear damage profile, a linear equivalent damage 
model was considered. As we believed that the irreversible strain fully comes from the damage 
of hollow microspheres, the total damage volume fraction (  
     ) of the microspheres can be 
obtained based on remaining irrecoverable amount of strain. The proportional factor k for the 
linear equivalent damage model is given by    
  
     
(     )
 , where    is the maximum stress 
during the programming process. 
            
Figure 4.4: An arbitrary nonlinear damage model with its linear equivalence 
 
If we additionally consider the glass microspheres to be isotropic, the damage gradient can be 
given by: 
σb σ 
σm 
Φd 
1 
0 
      
  
     
 
equivalent linear  
damage model    
arbitrary 
nonlinear  
damage model  
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                          (4-15) 
Jd  represents the volume deformation during the damage, thus can be determined as: 
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   (    )               (4-16) 
where Vbd and Vad represent the volume of the hollow microsphere before and after damage 
respectively; r is the outer radius of the microsphere; t is the wall thickness;       is the wall 
thickness ratio.  
  It should be noted that even being completely crushed, the glass remains of the damaged 
microspheres can still function to behave elastically. So the deformation gradient of the damaged 
portion of the microspheres   
  can be expressed as: 
     
    
                           (4-17) 
4.3.5 Constitutive Behavior of the Shape Memory Polymer Matrix 
  Many efforts have been made to detail the constitutive relations of the highly nonlinear 
mechanical behavior of amorphous glassy polymers [81, 88, 93, 99-105]. As the time-dependent 
mechanical behavior of the equivalent shape memory polymer involves equilibrium and 
nonequilibrium responses, a three-element conceptual model proposed by Boyce and co-workers, 
as illustrated in Figure 3.7, were adopted to capture the stress response. A Maxwell element 
paralleling with a hyperelastic rubbery spring represents the stress split scheme:  
       
     
                      (4-18) 
here   
   and   
  are the stresses on the viscoplastic component and the rubbery spring.  
The scheme indicates that the overall mechanical response to the straining can be expressed as 
the sum of the intermolecular segmental rotation resistance and the entropy driven molecular 
network orientation resistance. By further applying Hooke’s Law to the linear elastic spring 
which characterizes the initial elastic response and Arruda-Boyce eight chain model [81] to the 
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nonlinear rubbery spring which monitors the molecular network hardening, we can express the 
Cauchy stress as: 
 
     
 
where    
      (  
 ), and   
  is the elasticity tensor;        (  
 ), and  ̅    
    
  
   
   is the 
isochoric left Cauchy-Green tensor [106,107];  ̅  is its deviatoric part         √  ̅    is the 
effective stretch;   ̅    ( ̅) represents the first invariant. λL is the locking stretch representing 
the rigidity between entanglements. The Langevin function L is given by  ( )      ( )  
 
 
. 
The Eyring dashpot accounts for the isotropic resistance to the local molecular rearrangement 
such as chain rotation. A structure dependent viscous flow rule [56] was given to help prescribe 
its constitutive behavior: 
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Here  ̅  
‖   
  
‖
√ 
 is the equivalent shear stress; c1, c2 are WLF constants; Q is the activation 
parameter; ηg denotes the shear viscosity at Tg; s represents the athermal shear strength, a 
phenomenological evolution rule  ̇   (  
 
  
) ̇  (s=s0, t=t0) proposed by Boyce et al. [100] can 
be adopted to further feature the post-yield strain softening, where s0 denotes the initial shear 
strength, ss is the saturation value, and h describes the yield drop with respect to plastic strain;  ̇  
is the plastic shear strain rate. It is related to the viscous stretch rate   
  as  ̇ 
   
  
‖   
  
‖
   
 , 
indicating that the viscous stretch rate scales with the plastic shear strain rate and evolves in the 
direction of the flow stress. It is also noted that Eq.(4-20) will be reduced to the standard Eyring 
equation [108] upon thermal equilibrium where     .   
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4.3.6 Model Summary 
  For completeness, the temperature and time dependent, damage allowable thermo-
mechanical constitutive relations for the SMP based syntactic foam are summarized in Table 4.1.  
The preliminary model considers the novel composite material in a structure-evolving manner 
and is capable of capturing the essential mechanical behavior such as yielding, strain softening 
and strain hardening. The influence of the crushing and implosion of the glass hollow 
microspheres is also taken into account. However, since the focus is just on developing a 
theoretical thermo-mechanics framework for the SMP based syntactic foam programmed at 
glassy temperature; the proposed constitutive model is quite rough as compared to the actual 
material behavior. Factors such as heat conduction, deformation-induced entropy change and 
pressure effects on the structure relaxation are excluded. A comparatively simple instant and 
complete-damage process is also assumed for the glass hollow microspheres. Detailed modeling 
efforts on the interaction between the matrix and inclusions would help capture the more vivid 
physical phenomenon. 
4.4 Results and Discussions 
4.4.1 Model Validation 
The structure evolving damage allowable thermoviscoelastic preliminary constitutive model 
was computed in MATLAB™.  
The corresponding model parameters were mainly obtained from fitting various thermal and 
mechanical testing results. The parameter estimation procedures were briefly concluded as 
follows: 
(1) A cooling history for the SMP based syntactic foam is plotted as thermal deformation 
versus the temperature in Figure 4.5. L0 denotes the initial reference sample height at the 
high temperature. The sample was heated to the high temperature at q=0.4 ºC/min. 
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Table 4.1: Summary of the constitutive model 
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It was then soaked for over 1 hour to reach the thermal and structure equilibrium before 
naturally cooling down. Because the cooling rate is extremely slow, averaged 0.17°C/min, 
the thermal shrinkage can be perceived as the structural response. Linear CTEs αr and αg 
were computed from the slopes at temperatures above and below Tg. Volumetric CTEs is 
three times the values of the linear CTEs.  
(2) μr and λL characterizes the rubbery behavior of the material, and can be determined from 
the stress-strain response at temperatures above Tg. The initial slope of the isothermal 
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uniaxial compression stress-strain curve in glassy state estimates the Lamé constants if a 
typical polymer Poisson’s ratio of 0.4 is assumed (Qi et al., 2008). The final values of all 
these polymer mechanical parameters are fitted against the stress-strain curves at various 
temperatures, as shown in Figure 4.6. 
 
Figure 4.5: Thermal response to a stress-free natural cooling 
                                          
Figure 4.6: Stress-strain response of the SMP based syntactic foam at various temperatures 
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(3) The viscoplastic parameters such as Q, s, ss, and h can be roughly fitted from the 
compression tests at different strain rates (Figure 4.7).  
(4) The structure relaxation parameters x and β are fitted to a stress-free, constant heating 
profile of the thermal deformation (Figure 4.8). A considerably slow heating rate q=0.4 
ºC/min was chosen for the thermal expansion test to minimize the heat transfer effect. 
 
Figure 4.7: Stress-strain response of the SMP based syntactic foam at different strain rates 
 
                                    
Figure 4.8: Thermal response for a stress-free constant-rate heating 
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The mechanical and material parameter values were listed in Table 4.2.  
Table 4.2: Material parameters of the preliminary thermoviscoplastic constitutive model 
 
 
 
 
Model parameters Values 
Tg (ºC) glass transition temperature 64.3 
T0 (ºC) programming temperature 20 
Δt (minute) relaxation time 0/5/15/30/120 
   volume fraction of SMP matrix 0.6 
αg (10
-4
 ºC
-1
) volumetric CTE of glassy state 5.062 
αr (10
-4
 ºC
-1
) volumetric CTE of rubbery state 6.841 
Gi (GPa) Shear modulus of glass hollow microspheres 27.7 
λi (GPa) Lamé constant for  glass hollow microspheres 41.5 
k (MPa
-1
) damage rate for  glass hollow microspheres 0.02 
η wall thickness ratio for  glass hollow microspheres 0.019 
GP (MPa) glassy shear modulus of SMP  96.4 
λP(MPa) Lamé constant for glassy state of SMP 385.7 
μr (MPa) rubbery modulus of SMP 0.3 
kb (MPa) bulk modulus of SMP 1000 
λL  locking stretch 1.4 
μg (MPa∙s
-1
) reference shear viscosity at Tg 4050 
s0 (MPa) initial shear strength. 20 
ss (MPa) steady-state shear strength 18 
Q/ s0 (ºK/MPa) flow activation ratio 800 
h (MPa) flow softening constant 200 
c1 first WLF constant 17.3 
c2 (ºC) second WLF constant 70 
τ (s) structure relaxation characteristic time 20 
x NMM constant 0.95 
β Kohlrausch index 0.95 
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     The numerical simulation results shown in Figure 4.9 covers the full thermomechanical cycle 
of the SMP based syntactic foam programmed at room temperature with the pre-strain of 30% in 
a strain-time scale. All of the five different relaxation histories are included. The material is 
initially compressed to the pre-defined strain level which is beyond the yielding point. A slight 
strain-softening behavior appears followed by the strain hardening (Step 1). After different time 
periods of relaxation for plastic strain development (Step 2), the remaining stress constraint is 
instantly removed, leading to an externally stress-free state (Step 3). Temporary shape is fixed 
and lengthy relaxation apparently promotes the strain fixity. During the subsequent heating 
recovery (Step 4), the stored deformation is released, although there is a considerable amount of 
irrecoverable strain due to the damage of the glass hollow microspheres. 
 
Figure 4.9: Numerical simulation for the full thermomechanical cycle  
The simulation generally shows a reasonable agreement with the experimental results and 
captures most of the essential nonlinear material behaviors. It is also noted that the deficiency of 
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the single relaxation assumption appears evident. When the relaxation time is insufficient such as 
0 minute, the discrepancy is obvious; while as the relaxation time further increases, the 
discrepancy becomes comparatively less significant. Multiple non-equilibrium relaxation 
processes would be required to more closely describe an actual stress relaxation. 
The thermomechanical cycle of a 2D traditional programming process reported by Li et al. 
[111] was also computed. The cruciform specimen was initially subjected to a constant load of 
54.3N vertically in compression and horizontally in tension at 79°C and then followed the 
conventional training method to achieve shape fixity. After that it was reheated up for recovery. 
The simulation results in Figure 4.11 show the strain evolution in the horizontal and vertical 
directions during the entire thermomechanical cycle. Good agreement is found between the 
testing and modeling results [111].  
 
Figure 4.10: Numerical simulation for a 2D traditional thermomechanical cycle 
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4.4.2 Prediction and Discussion 
 Further optimization of the shape memory functionality of this SMP based syntactic foam 
heavily relies on an appropriate combination of the constituent properties. The effects of the 
material composition on the thermomechanical behavior were numerically investigated.  
4.4.2.1Volume Fraction of SMP Matrix     
The thermo-mechanical cycle prediction results of two specimens with different volume 
fractions of SMP matrix (       and       ) experiencing 40-minute relaxing period are 
shown in Figure 4.12. The recovery heating rate was 0.4°C/min.  
 
Figure 4.11: Thermomechanical cycle results for specimen with different    
It is found that less SMP appears to slightly increase the shape fixity ratio, which seems 
abnormal. Further observation on the heating recovery reveals that the seemingly enhancement 
in shape fixity originates from an increase in glass hollow microsphere damage. This is because 
the specimen with less SMP resulted in more irreversible strain and the loss of recoverability is 
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noticeably larger than the gain in the shape fixity. Therefore, it is believed that low    would 
lead to more damage and less recovery ratio. The presented results appear to be different from 
the previous simulation results in Chapter 2 simply because in the traditional programming the 
stress level is considerably low and damage of glass hollow microspheres is not considered. 
4.4.2.2Wall Thickness Ratio η 
 Further consideration was given to the wall thickness ratio of the glass hollow microspheres. 
Figure 48 shows the full thermomechanical cycle prediction for two specimens with different η. 
The corresponding variation in microsphere strength is assumed to be negligible.   
 
Figure 4.12: Thermomechanical cycle results for specimen with different η 
 The specimen with a higher η is found to be able to achieve a larger recovery ratio, as it 
contains fewer voids hence suffers less damage during the programming. It is also interesting to 
notice that the shape fixity seems to be hardly affected by the variation in η.  This is because, 
once the pre-strain is determined, any damage not only leads to the growth in irreversible strain 
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but also limits the strain development in the SMP matrix. Therefore, although the irreversible 
deformation may tend to achieve a seemingly increase in shape fixity ratio, the reduction in the 
reversible viscous deformation in SMP manages to counterbalance it. 
4.5  Conclusions  
 A unique programming concept at glassy temperatures has been applied to a SMP based self-
healing syntactic foam. A structure evolving, damage-allowable thermoviscoplastic model was 
developed and reasonably captures the most essential shape memory response during this process. 
The main results of this study are: 
(1) The effective and efficient programming method was tested on the SMP based self-
healing syntactic foam. Considerable recoverability has been achieved, although some 
damage in glass hollow microsphere inclusions was inevitable. 
(2) A finite deformation, continuum constitutive model has been developed to study the 
thermomechanical behavior of the SMP based self-healing syntactic foam programmed at 
glassy temperature. As thermoviscoplasticity, structure relaxation and inclusion damage 
mechanism are incorporated, the model plausibly captures the essential elements of the 
shape memory response. A fairly good agreement has been reached between the 
modeling results and the experimental results. 
(3) The parametric simulation study reveals the possible optimization schemes for future 
generation of the SMP based syntactic foam: a high volume fraction of microsphere 
inclusions leads to a low recovery ratio which is different from the simulation results in 
Chapter 2, because in traditional high temperature programming the stress is trivial and 
the damage of the microballoons is not considered. High wall thickness ratio of the glass 
microballoons is found to lead to a large recovery strain. An optimal configuration can be 
achieved by adjusting and balancing these parameters.  
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Chapter 5 Conclusions and Future Work 
5.1 Conclusions  
A comprehensive literature review of the state-of-the-art self-healing techniques has been 
conducted. It revealed that a number of limitations and inconveniences exist for these methods to 
repair macro-length scale damages. And a structure system having an efficient self-healing 
functionality is on urgent demand. Further review suggested that a biomimetic two-step close-
then-heal (CTH) self-healing mechanism recently proposed by Li and Nettles [1] and further 
detailed by Li and Uppu [2] would be an ideal candidate to overcome current limitations in the 
existing self-healing methods. As documented, a SMP based syntactic foam was then developed 
to put such innovative self-healing concept into practice [3]. Various experimental studies [1-3] 
demonstrated that the desired self-healing of structural-length scale fracture could be achieved 
repeatedly, efficiently, timely, molecularly, and almost autonomously. It is inferred that the SMP 
based syntactic foam would be able to integrate the self-healing functionality into the high 
performance composite structures and would satisfy most of the self-healing demands. Therefore, 
a deep theoretical study on the thermomechanical behavior of the SMP based self-healing 
syntactic foam would be extremely beneficial for the development of future self-healing 
composite structures.  
The present research work was subdivided into three subsections as detailed in Chapters 2-4. 
Chapter 2 presented a phenomenological model for the SMP based syntactic foam programmed 
in the traditional way based on the thermodynamics consideration. Several material 
characterization tests such as DMA, XPS, and FTIR were also carried out.  
Chapter 3 primarily proposed, detailed and validated a new programming experimental 
method at glassy temperatures. A thermovicsoplastic model revealing the physics behind the 
nonlinear constitutive behavior was also developed.  
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Chapter 4 extended this new concept to the SMP based syntactic foam. To consider the 
crushing and implosion of the glass hollow microsphere inclusions, a damage mechanism was 
further featured in the modeling efforts. The main results and conclusions from each section are 
outlined as follows. 
5.1.1 SMP Based Syntactic Foam Trained by the Traditional Method 
(1) An interfacial transition zone (ITZ) at the SMP/glass microballoon interface was 
discovered by various material characterization techniques such as DMA, XPS, and FTIR. 
A thermomechanical constitutive model based on such experimental observation was 
developed and proved against the 2
nd
 thermodynamics law. It reasonably captured the 
most essential shape memory responses of the innovative SMP based syntactic foam. 
Good agreement has been reached between the uniaxial experimental results and 
modeling results. 
(2) Parametric studies revealed that the volume fraction and the stiffness of the hallow 
particles can be used to optimize the self-healing properties of such smart foam material. 
More and stiffer particle inclusions tend to strengthen the material and achieve a higher 
recovery peak stress. However, the final recovery strain or stress value is not affected by 
the variation in properties of particle inclusions.  
(3) Heating and cooling rate was found to affect the shape memory and recovery 
performance. While fast heating increased the peak stress and recovery stress, fast 
cooling somehow leads to less irrecoverable deformation.  
(4) The recovery strain or stress was found to be significantly affected by the external 
confinement. As the confinement stress increases, the externally recovered strain reduces 
considerably, leading to the increase in the internal deformation which helps achieve 
better self-sealing of the internal damage such as crack. 
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5.1.2 SMP Programmed at Glassy Temperatures (Well below Tg) 
(1) A new programming approach at glassy temperature was proposed, tested, and discussed. 
Experimental results confirmed that it is an effective and efficient method that can 
achieve considerable durability and recoverability. The recovery capacity is similar to 
that trained by the traditional lengthy, labor-intensive, and energy-consuming technique. 
(2) A prestrain larger than the yielding strain of the SMP was found to be indispensable to 
achieve the temporary shape fixity at glassy temperatures. Longer relaxation period could 
enhance the shape fixity ratio. 
(3) A finite deformation theory based thermoviscoplastic model was developed to study the 
constitutive behavior of the SMP programmed at glassy temperature. As the pseudo-
plasticity and structure relaxation featured, the model was capable of simulating the 
characteristic shape memory responses. A fairly good agreement has been reached 
between the testing and modeling. 
(4) The prediction also reveals the high temperature and heating profile dependency of the 
shape memory behavior. A faster heating rate shifts the onset of the recovery to a higher 
temperature; an adequate time period of thermal soaking at temperatures beyond Tg can 
achieve the same full recovery as that by further heating to a higher temperature. It seems 
that the time-temperature equivalent principle holds for the shape memory behavior. 
Similar shape recovery ratio can be either achieved at a higher temperature with a shorter 
time period of soaking or a longer time period of soaking at a lower temperature. 
(5) The programming at a higher glassy temperature followed with immediate heating 
recovery leads to a higher shape fixity ratio and slightly affects the strain recovery. But 
the SMP programmed at a higher temperature followed with a cooling process before the 
reheating initiates the recovery at a lower temperature and progressed at a faster rate.  
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5.1.3 SMP Based Syntactic Foam Programmed at Glassy Temperatures 
(1) The SMP based self-healing syntactic foam was programmed at glassy temperatures. 
Recoverable shape fixity was obtained; however, the crushing damage of glass hollow 
microspheres occurs. 
(2) A damage mechanism of the hollow particles was integrated into the finite deformation 
based continuum thermoviscoplastic constitutive model. The model plausibly captures 
the essential shape memory response of the SMP based syntactic foam programmed at 
glassy temperatures and was validated by uniaxial and biaxial experimental results. 
(3) The parametric study reveals that higher volume fraction of microspheres leads to lower 
recovery ratio. It is different from the simulation results in Chapter 2, because in 
traditional high temperature programming the stress is trivial and the damage of the 
microballoons is negligible.  Higher wall thickness ratio of the glass microballoons is 
found to promote the recovery strain.  
5.2 Future Work 
Because the present study primarily serves to establish a fundamental theoretical framework 
for the SMP based self-healing syntactic foam, the numerical problems have been greatly 
simplified as compared to the real constitutive behavior. Several factors such as heat transfer, 
deformation induced entropy change, details of the ITZ layer, geometric effects, non-uniform 
stress distribution conditions, etc., are not taken into account. Implementation of the finite 
element technique will greatly help in further considering these details and studying this SMP 
based foam material as well as its derivative sandwich structures in different loading conditions. 
As the extended finite element method (XFEM) emerges to be a powerful tool in simulating 
material crack growth, more practical crack-healing capability of the self-healing materials or 
structures can be comprehensively investigated.  
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